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Preface

Roughly speaking a convolution operator 7" on a group G is a linear operator on
complex functions ¢ : G — C that commutes with left translations

(TF) =T (s f).

Typically convolution by fixed functions gives rise to convolution operators.

To be more precise, one has to specify G and the underlying function space for 7.
One may suppose that G is a locally compact group with Haar measure m, and
choose T to be a continuous linear endomorphism of L?”(G) = L?(G;m), where
p > 1 1is some fixed real number. It’s these convolution operators that will be the
subject of this book, individual cases of them as well as, for given p and G, the
space C V,(G) of all of them.

The set C'V,(G) is a sub Banach algebra of the Banach algebra of all continuous
linear endomorphisms of L?(G). If G is abelian, it is possible to define the Fourier
transform of every 7" in CV>(G). The Fourier transform is a Banach algebra
isometry of CV,(G) onto L°°(G). Here, G denotes the Pontrjagin dual of G.
Moreover, CV,(G) C CV,(G), this permits to define the Fourier transform of
every T in CV,(G).

The case of G = R” involves results of classical Fourier analysis. For instance,
the fact that the Heaviside function is the Fourier transform of some 7" € CV,(R)
implies Marcel Riesz’s famous theorem on the convergence in L? of Fourier series.
This convergence still holds in two variables for square summation, but not for
circular summation if p # 2. This reflects the fact that the indicator function of
any square is the Fourier transform of some 7 € CV,(R?) but not the indicator
function of the disk except if p = 2.

In this book, we will be mainly concerned with the investigation of C V,(G) for
noncommutative groups.

Ifk € L?(G)and [ € L7 (G), thenk * [ € Co(G) with ||k % I[|oo < [IK]|, ]I/l ,-

Forming series of such functions leads to the very important Figa-Talamanca
space A,(G) contained in Co(G). A,(G) is an algebra for the pointwise product.
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If it is given a norm based on ||k||,||/||,/, it becomes a Banach algebra. There is
a natural duality between CV,(G) and A,(G) for a large class of locally compact
groups. This duality holds for all locally compact groups if p = 2. It is conjectured
that it holds even for all p. If G is abelian, then A,(G) turns out to be the space of
Fourier transforms of L! (@). Here, again the Fourier transform is a Banach algebra
isometry of L'(G) onto A5(G).

To every integrable function on G, and more generally to every bounded measure
on G, there corresponds by convolution an operator in C V,(G). For finite groups
all of CV,(G) is obtained in this manner. It is not the case for infinite groups like
Z, R, T and probably for all infinite groups. Then we may ask whether every
convolution operator may be approximated by operators associated to bounded
measures, and in which topology. For p = 2 the answer is yes under the weak
operator topology. This result was obtained by Murray and von Neumann for
discrete groups, by Segal for unimodular groups and finally by Dixmier for general
locally compact groups. The duality between C V,(G) and 4 ,(G) permits to answer
positively for p # 2 for all amenable groups.

Let / be an ideal of the algebra A ,(G). The set of points of G where all functions
in I vanish will be called the cospectrum of /. An elegant formulation of the
celebrated tauberian theorem of Wiener is: if G is an abelian group every ideal
of A,(G) with empty cospectrum is necessarily dense in A,(G). In this book, we
will show that this statement holds for every group and also every p > 1. The fact
that the theorem of Wiener is verified on arbitrary groups is highly surprising: there
are papers suggesting the impossibility of such an extension for the group of two by
two invertible matrices of complex numbers!

There is a hudge amount of literature concerning the non-commutative version of
the Plancherel theorem and the inversion formula for C* functions with compact
support on Lie groups. Such questions are, for commutative groups, very simple. An
achievement of this book is the extension to non-commutative groups of theorems
which are deep and difficult even for Z, T or R.

An important part of this monograph deals with the relation between CV,(H)
and CV,(G), where H is a closed subgroup of G. Let i be the inclusion map
of H into G. Then i induces a canonical map, also denoted i, of CV,(H) into
CV,(G).For G = R and H = Z, this is a famous result due to Karel de Leeuw
(1965), and to Saeki (1970) for G abelian and H arbitrary closed subgroup. It is also
possible to characterise the image of i in C'V,(G) and to obtain in this way non-
commutative analogs of a result of Reiter (1963) concerning the relations between
L°°(@) and L°°(f-\1) and also to the fact that H is a set of synthesis in G (1956).
The characterisation in C V,,(G) of the image of C V,,(H ) under the map i, is a deep
result due to Lohoué (1980). A large part of Chap. 7 is devoted to a detailed proof
of Lohoué’s result. As a consequence we obtain the extension of the Kaplansky—
Helson theorem to non-abelian groups and to p # 2: for x in a arbitrary locally
compact group G, every ideal of 4,(G) having the cospectrum {x} is dense in the
set of all functions vanishing in x.
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In the last chapter, we prove that for amenable groups CV,(G) is contained in
CV,(G): this statement, compared to the commutative case, requires an entirely
new approach.

The development of harmonic analysis on non-commutative groups is not just a
straightforward generalization of the commutative case. It requires new ideas but it
also gives rise to new problems which are far from being solved. For instance, the
approximation theorem for non-amenable groups and for p # 2 is still out of reach.
The investigation of the noncommutative case gives a better understanding of the
commutative case! For example, instead of studying the relations between L“(@)
and Lw(ﬁ ), it is more conceptual and more fruitfull to investigate the relations
between the algebras C V,(G) and C V5 (H).

A large part of the results presented appeared here for the first time in a
book’s form. The presentation is selfcontained and complete proofs are given. The
prerequisities consists mostly with a familiarity with the books of Hewitt and Ross
[66,67]. (Chaps. 4, 6, 8 and 10), Reiter and Stegeman [105] and Rudin [107]. Notes
at the end of the volume contain additional information about results of the text.

We wish to acknowledge our indebtedness to Professor Henri Joris, who read
the proofs and helped to remove some errors and obscurities. His comments have
stimulated us to improve the text in several places. Those errors which do appear in
the text are, of course, my own responsibility. Thanks are also due to Professor Noél
Lohoué and many colleagues for encouragement and help. We would like to thank
especially Professor Gerhard Racher for improvements and suggestions in relation
with chapter height.
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Chapter 1
Elementary Results

We give the basic properties of the Banach algebra CV,(G). For a locally compact

abelian group G we show that CV,(G) is isomorphic to Loo(a) and define the
Fourier transform of every element of CV,(G).

1.1 Basic Notations and Basic Definitions

1.1.1 Radon Measures and Integration Theory

Let X be a topological space and Y a topological vector space. We denote by
C(X;Y) the vector space of all continuous maps of X into ¥ and by Cyo(X;Y)
the subspace of all maps having compact support. We put C(X) = C(X;C) and
Coo(X) = Cpo(X; C). We denote by Cy(X) the subspace of all elements of C(X)
vanishing at infinity.

Suppose that X is a locally compact Hausdorff space and that u is a complex
Radon measure on X . For ¢ an arbitrary map of X into [0, o]

*

/wmmmu)

X

denotes the upper integral in the sense of Bourbaki ([6], p. 112, Chap.1V, Sect.4.1,
no. 3, Définition 3.) We write £' (X, i) for the C-vector space of all ¢ € CX which
are ji-integrable. For ¢ € L£'(X, u) the integral of ¢ with respect to p is denoted

(@) or
/wuwmw.

X

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 1
Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_1,
© Springer-Verlag Berlin Heidelberg 2011



2 1 Elementary Results

For f € C* or [~o0,00]¥ locally ju-integrable we denote by fu the Radon
measure defined by

(f)(p) = u(fe)

for every ¢ € Coo(X).

If 1 < p < oo LP(X, ) is the C-vector space of all ¢ € CY such that ¢ is
u-measurable and |@|” is u-integrable. If f € CX we denote by [ f] the set of all
g € C¥ with g(x) = f(x) p-almost everywhere and by f the set of all g € C¥
with g(x) = f(x) locally p-almost everywhere.

Suppose 1 < p < oo . For f € C¥ or for an arbitrary map of X into [—o0, 00]
we put

* 1/p
N, = | [ leeordiulen

X

N, is a semi-norm on L”(X, ). With respect to this semi-norm L£”(X, u) is
complete. For f € LP(X, u) we set

1A, = Np(f) and L2(X, 1) = {1/1|/ € £7(X. )}

which is a Banach space for the norm ||| ,..
For an arbitrary map f of X into [—o0, o] we put

M (f) = inf {oe € [—oo, oo]’f(x) <o locally p-almost everywhere}.
For f € C¥ weset Noo(f) = Moo(] f|). For f abounded complex function we set
1/ 1l = sup {1 F (0l € X}

Let M®(X, 1) be the C-subspace of C* of all functions which are y-measurable
and bounded and £ (X, 1) the C-subspace of C* of all functions which are locally
-almost everywhere equal to a function of M (X, ). Then N is a semi-norm
on L*(X, p), with respect to this semi-norm £°°(X, p) is complete. By definition

L=, = {f|f e M=(x. .

With the norm

”f”oo = Noo(f),

L°°(X, ) is a Banach space. We denote by Mg5(X, ) the subspace of all
f € M*(X, u) with compact support.

Finally let M !(X) be the space of all complex bounded Radon measures on X.
For 1 € M'(X) we put
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el = sup {1 (@)l]g € Coo(X). llpll =< 1}.

Then ||| is a norm on M !(X).
Letl < p<ooweputp =p/(p—1)if p > land p’ = coif p = 1. For
feLr(X,p)and g € L7 (X, i) we set

(L/1.[¢)) = [ FOF@ ()
X
if p>1l,andif p =1

(If]. &) = f FOF@ ().
X

The function (, ) is a sesquilinear form on L? (X, ) x L? (X, ).
Let £(L?(X,u)) be the linear space of all continuous endomorphisms of
L?(X,p).For T € L(L?(X, p)), IT|l, is the bound of the operator 7'

I, = sup {I TSl |f € L7CX.). £ 1 < 1

For the composition of the operators, £L(L? (X, 1)) is a Banach algebra.
For V a topological vector space, V' denotes the dual of V. If (V,|[||y) is a
normed vector space, and if F € V'’ we put

IFllv: = sup {|FO)I|v e V. vlly < 1}.

This norm makes V'’ into a Banach space.

1.1.2  Locally Compact Groups

Let G be a group. For anon-empty set Y, ¢ amap of G into Y, a and x € G we put

g(x) = p(x71). wp(x) = p(ax) and g, (x) = ¢(xa).

Let now be G a locally compact group. We always suppose that the topology of
G is Hausdorff. We recall that there is a nonzero positive Radon measure mg on G
such that

ma(¢) = ma(ag) = ma(ga)Aa(a) = me(pAc)
for every ¢ € Cyp(G) and every a € G. Here Ag is a continuous homomorphism

of G into the multiplicative group (0, co). Up to a multiplicative real number, the
measure /¢ is unique. The measure m is called a left invariant Haar measure of G.
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The function Ag does not depend of the choice of the measure m . This function is
called the modular function of G. If G is compact we suppose that mg(1g) = 1.
Let us present some basic examples.

@ IfGg=T
2
1 i0
) = 5 [ o(eas
2
0
forp € C(T).
(b) For G = R we may choose
o
ma(@) = [ o
—00

for every ¢ € Cyo(R).

(c) Take now an arbitrary group G. Consider on G the discrete topology. This
locally compact group is denoted G,. Suppose at first that G is finite. Then
Coo(G4) = CY. We have

e, 9) = g1 2 p)

x€G

for every ¢ € C(Gy). If G is infinite then Cgo(Gy) is the subspace of C¢ of all
functions having a finite support and we may choose

ma,(p) = Y _ ¢(x)

x€G

for every ¢ € Coo(Gy).
In all these examples Ag = 1.
(d) Let G be the group of matrices
Xy
0x!

where x, y € R, x # 0, with the topology induced by R?. Then we may choose

ma(p) = 7 7 P eay.

—00 —O0

sl (3.2)) =

In the examples (a), (b) and (d), the integral on the right hand side is the Riemann
integral.

One has
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Let again G be any locally compact group. For ¢ € C% we set

P(x) =9(x), @(x) =9 and ¢*(x) =px"HAg(x").

Let be i a complex Radon measure on G. Then we define the three Radon measures
i, 7 and fi by

i) = n(@). T(p)=pu@) and [ilp) = (@)
where ¢ € Cpo(G). For f € C% and 1 < p < oo we also put
T ()(x) = f(xHAc(x™HYP.

For f mg-integrable we set
mg(f) =m(f) = /f(X)dx,E”(G) = L"(G.mg). L"(G) = L (G, mg)
G

(1<p=00)

and
MG (G) = M (G, mg).

For f € CY we put:
[fI'=[f] andfor 1<p<oco t,[f]=][r,f].

for a € G we also put

ol f1=1af] and [fla = [fal.

Clearly 7, is an isometric involution of the Banach space L”(G) for 1 < p < oo.

1.1.3 Convolution of Measures and Functions

Formally the convolution p * v of the two Radon measures p« and v on the locally
compact group G is defined by

(e v)(f) = f Flaey)dp(x) dv(y)
GxXG

whenever the double integral converges absolutely for all ' € Cyo(G). This is the
case for example if one of the two given measures has compact support, or if both
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of them are bounded. For © = gm we have

(gm *v)(f) = / Fep)g)dxdv(y) = / / Fap)gdx | dv(y)
G

GXG G

- / A / £y Ndx | dv(y) = (g % VIm)(f)
G

G

where we define

(g % )(x) = / ¢y A Hdv(y).

G

Similarly we get u x hm = (u * h)m if we define

(W xh)(y) = / B ) d ().

G

Putting here u = gm we set g * h = gm * h and thus

(g % W)(y) = / gh(x)dx = f g(rx (X Ag (x)dx.

G G

We refer to [10] Chapter 8 for a detailed exposition of these questions.

1.1.4 Amenable Groups

A locally compact group G is said to be amenable if there is a linear functional M
on the vector space C?(G) of all continuous bounded complex valued functions on
G such that M(p) = 0if ¢ = 0, M(1g) = 1 and M(,9) = M(p) for every
aegG.

We only recall that compact, abelian or solvable groups are amenable. But
SL>(R), the group of two by two real matrices with determinant one, and the free
group [, of two generators are not amenable. Every closed subgroup of an amenable
group is amenable. If G is a locally compact group and H a closed normal subgroup,
and if H and G/H are amenable, then sois G.

They are many properties equivalent to the amenability. We will use the following
one: for every ¢ > 0 and for every compact subset K of G there is s € Cyo(G) with
s =0, Ni(s) = 1and N (xs —s) < e forevery k € K. We refer to Chap. 8 of [105]
for detailed proofs of all these assertions.
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1.2 Convolution Operators

Theorem 1. Let G be a locally compact group, 1 < p < oo, p € M'(G) and
¢ € Coo(G). For x € G we then have

(0+ a8l i) = [otenaemrau)
G

Moreover
ox AV e LP(G)NC(G) and N,,(<p « AN ,1) <IN, (@)

Proof. We have

(0+ a2l i) = [ o260 )
G

- [ 0(e9) A () AG ()7 du(y)
G

- [ o)A ()P du(y).
G

Next we prove the continuity of ¢ * Alc/p//l. Let xo € G and ¢ > 0. Choose Uj a
compact neighborhood of xp and n > 0 such that

&

< .
(14 1) (5P, et suppp A (1))

There is an open neighborhood U, of e with

lp(a) — @) <1

for every a,b € G with ab™! € U,. Let U, be an open neighborhood of e with
U, C Uy and Uyxy C Uy. Let x € U,x then for every y € G we have

Therefore

o i@ x 8 D60 = [l —pun|ae )/ Pdlnl0) <.
G
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To end the proof let ¥ be any function in Cyy(G). We then have

/ Y()(g * AU i) (x)dx = / / o ALY )y ()dx | du(y)
G

G G

and therefore

/ P * AYY (x| < / Ny WIN(0y 6 (0)7)d 11l ()
G G

= Np((p)Np/(W) ”/’L”

Remark. The inequality
Np(p * ) < [|LlINp(9)
is not verified in general. There is a missprint at (3.5.15) of page 108 of [105].

Corollary 2. Let G and p as in Theorem 1. For every u € M'(G) there is an
unique S € L(L?(G)) such that

Stel = o+ (84" 1) ]
for every ¢ € Coo(G). For [ € LP(G) and a € G we have

a(Sf) =S f)

Moreover
ISh, < el

Proof. Fora and ¢ € Cy(G) we have
1/p 1/p ~
a(<p « A" M) = () * A" L
and therefore

a(Se]) = SGleD).
Definition 1. The operator S of Corollary 2 is denoted AL (11).
Definition 2. For /' € L1(G) we put AZ(f) = AL(fm) and AZ([f]) = AL(f).

In the following we will study a class of continuous operators of L?(G) which
have the same essential property as the operator )LZ (m).

Definition 3. Let G be a locally compact group and 1 < p < oo. An operator
T € L(L?(G)) is said to be a p-convolution operator of G if

T () = o(T(9))
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for every a € G and every ¢ € L?(G). The set of all p-convolution operators of G
is denoted CV,(G).

Proposition 3. Let G be a locally compact group and 1 < p < oo. Then CV,(G)
is a Banach subalgebra of L(L?(G)).

Proposition 4. Let G be a locally compact group and 1 < p < oo. Then:

1. AL is a linear injective contraction of the Banach space M '(G) into the Banach
space CV,(G),
2. foreverya € G and ¢ € L?(G) we have

AIGJ(‘ga)(P = Qu AG(a)l/p

and M/X}G’ (6a) H’p = 1 where §, is the Dirac measure in a,

3. AL (8ap) = AL(82)Ae(8p) foreverya,b € G,
4. for f € L'(G) and ¢ € Coo(G) we have AL (f)¢] = [¢] * 7, f.

Remarks. 1. The map x +— AZ(8,) is an isometric representation of the locally
compact group G into the Banach space L?(G). For p = 2 this map is called
the right regular representation of G.

2. In Sect. 4.1 we shall show that A% (& % B) = AL (@)AL(B) fora, B € M'(G).

Theorem 5. Let G be a locally compact group 1 < p < oo and T € L(L?(G)).
Then T € CV,(G) if and only if T(f * @) = f * T for every f € LY(G) and
every ¢ € L?(G).

Proof. We supposethat 7 € CV,(G). Let f € Coo(G), ¢ € LP(G) and ¢; € T [gp].
We have [f] * T[¢] = [f * ¢1] where for every x € G

Froix) = [ Fenei 6y,
G
Lety € L”/(G). From
/ )] / 01Ol Ol | dy < Ny Ny WINL(f) < oo,
G G

we obtain

(/] % Tlo). [9]) = / £0) / o P dx | dy.
G

G

For every y € G we have
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f 0 T dx = {1 Tl [9]) = T -1 [g). V)
G

= (,1[o). T*[]) = / o) () dx
G

where T* is the adjoint of 7" and where n € T*[y]. Therefore

(/] * Tlel. [y]) = / £) ( / o) de) dy.
G

G

We also have
/ 1)) ( / |¢<y—'x)||n<x)|dx) dy < Ny (@) IT* W]l N () < oo,
G G

and consequently

/ £ ( / o) mdx) dy = / ( / f(y)qo(ylx)dy) n(dx.
G G G

G

This implies

(Lf1% Tlel. [v1) = ([f1 * le). T*[W]) = (T (L] * [e]). [¥])

and therefore

T([fT*¢D) = [f]* Tel.

If f € L£1(G), choose a sequence ( f,) of Coo(G) with Ni(f — f,) — 0. By the
inequality

I TSV leD = [f1% Tlel |, < WTll, Ni(f = fi)Np(@) + Ni(fo = DTl

we obtain

T([f1*[¢D) = [f]* Tlel.

Now suppose that T(f * ¢) = f * Te forevery f € L'(G) and every ¢ €
L?(G).Letgp € L?(G),a € G and ¢ > 0. Choose f € L'(G) such that

&

Ifxe—oll, < 57—
T2+ 0T
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Then

ITCa9) = a(TO)lp < 1T(p) = TG *@DMp+IT (S * @) = (T * oD,
T a(T(f *9) = o(TO)l,

But

T f ) =TW(af)*9) =f)*xTo=o(f xTo)= o(T(f *9¢))

and so
T (ap) — a(T(/))”p <eé.

Proposition 6. Let G be a finite group. Then for 1 < p < 00 we have
CV,(G) = 24(CO).

Proof. LetT € CV,(G).For g € LP(G) (L?(G) = C%) we have ¢ = ¢ * |G|l
and Ty = ¢ * f with f = T(|G|1gy). Then T = AL(f).
Remark. In general the calculation of H|)&Z f) |H , is not easy.

We now present some examples of convolution operators on G = Z which are
not of the type A% () with u € M (Z).

Theorem 7. Let f be the function on Z defined by

1
fn) = 1,neZ.
n+§

Forevery 1 < p < oo the map ¢ > [ * ¢ then belongs to CV,(Z).
Proof. See Titchmarsh [115] Theorem A.
Theorem 8. Let [ be the function on Z defined by

foy = neZ\{0) f0) =0,

For1 < p < oo themap ¢ — f * @ then belongs to CV,(Z).
Proof. See Riesz [106], Sect. 23 p.241.

Remarks. 1. Clearly Theorems 7 and 8 are equivalent.

2. Let f be a non-negative function on Z. If for some 1 < p < oo the map ¢ +—
S * ¢ belongs to CV,(Z), then f € I'(Z) ([105], Theorem 8.3.10, p. 237 ). See
the notes to Chap. 1.
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3. For a certain class of locally compact abelian groups G, including Z, T and R,
it is possible (and important) to improve the estimate

A& O, = Ni(f)
for f € L'(G). See the book of Edwards and Gaudry [40] Chap.2 Sects. 2.4,

2.4.4 Theorem p. 45.
4. For G = SL,(R) we have

1A% (NI, < CoN(f)

forevery f € MS5(G) and every 1 < p < 2 (see Kunze and Stein [72] and the
notes to Chap. 1 and to Chap. 3.)

1.3 For G Abelian CV,(G) is Isomorphic to L>®(G)

Let G be the dual group of a locally compact abelian group G. For u € M '(G) the
Fourier transform of p is the function on G defined by

A0 = / T dp().

G

The Fourier transform of f € £'(G) is the function }"\ = ]Tm\g :

70 = 00 = / 70 f()dx.

G

We have [ € Co(a). Let mg be the unique Haar measure on G such that for every
f € LY(G) N C(G) with f € Cyo(G) we have

fx) = / 7@ dms(0)
G

for every x € G. The measure m is said to be dual to the measure mg. Let F

be the unique continuous map of L2(G) into L2(G) with F(f) = f for f €
L'(G)Nn LZ(G).A We recall that 7 is an isometric isomorphism of the Banach space
L?*(G) onto L?>(G) and that for f € L'(G) N L*(G) we have

F() = [(Feeo) |

where ¢ is the canonical map of G onto G.
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Definition 1. Let G be a locally compact abelian group. For f € Ll(@) we put

D (f) = (foeq).
Theorem 1. Let G be a locally compact abelian group. Then the map @4 is a
contractive involutive monomorphism of the Banach algebra L' (6) into Cy(G).

Definition 2. Let G be a locally compact abelian group. For ¢ € L°°(6) we put
A @) = F (7))

where f € L%(G).

Theorem 2. Let G be a locally compact abelian group. Then A s is an isometric

involutive isomorphism of the Banach algebra L°°(6) onto the Banach algebra
CV,(G). R
For T € CV5(G) and f € L*(G) we have

AT f = F(TF ().

Proof. 1. As(¢) € CV2(G) and H|AGA(<,0)|||2 = ||¢|loo for ¢ € Loo(@).
Let 7 = Ag(p) and f € L?*(G). We then have

ITCHI2 = lleF (D2 = lelloo IF (N2 = llelloo /12

Therefore T € L(L*(G)) and || T, < [|¢|lco-
For the proof of the reverse inequality, let 7 > 0 and v € ¢. There is r € Cyo(G)
with Ny(r) = 1 and

/r(x)V(x)dx > [l@lloo — -
G
But
/ Ir(OIVGOldx < Na(Ir[VA N2 2) < I TN
G
and thus

lelloo < NT'll; + n-

Next we verify that T € CV,(G). Fora € G and f € L?*(G) we have
F(.f) = eg(a)F(f) and therefore

T(f) = F " (e6@ @F()) = o(F @F () =T(S).
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2. Ag(9¥) = Ag(@)Ag (W) for g, € L®(G).
For f € L*(G) we have

Ag(@)(f) = F oW F(f) = F o F(Az (W) )
=As(@ A (W)().
3. A¢(@) = Ag(p)* forg € L=(G).
Let f.g € L*>(G). We have
(¢. A6 @) = (F&.8F(N)) = (0F (). F()) = (As(@)g. /)
=(g. Ag(@* f).
4. AG(L‘X’(a)) = CV,(G) and for T € CV,(G) we have
AT f = F(TF'(f))

forevery f € Lz(a). R
Let T € CV,(G). We put for f € L*(G)

Qf) = F(TF(),
Q2 is a continuous linear operator of Lz(@). For g € L'(G) we have

FGLN =g F'(f)

(see [67] (31.27) Theorem p. 230) and therefore

Q([g1/) = [g1R(f).

We now show that
Q([r]f) =[r]2(f)

forevery r € Coo(a)\.
Let f1, f» € L2(G) with f1 € f, f» € Q(f) and n > 0. There is g € L'(G)
(see [105], Chap. 5, Proposition 5.4.4, p. 161) with

n
"l < 2014 12l ) (1 + N2(fD)) (1 + Na(f2))

g -

From

12([r]f) = I[N = 1] /) — L2 /D2
+ 12 AD — [E1UAAD I+ 812([AD — [P
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we deduce

12([r]1 /) = [r12(N) 2 = 121, Na(rfi = & f1) + Na(8 2 — 1 12)
and therefore
[2([r]f) — [r]S2()]2 < .
According to [8] (Chap.II, Sect. 2.3, no. 3, Lemme 3, p. 145), there is ¢ € Lm(@)
with
Q) =eof
forevery f € L2(6). For f € L*(G) we finally get
Ag(p) f =F (QUF(f)) =T,

Remarks. 1. For T € CV,(G), ¢ and ¥ € L>(G) we have

(To.v) = (A5 () Fp. 7y,

2. Theorem 2 is already found in Larsen [73] (Chap. 4, p.92, Theorem 4.1.1.).
3. For u € M'(G) we have Agl(ké(u)) = ((n))-
We also obtain an integral formula for the function 7f for many 7' € CV,(G).

Corollary 3. Let G be a locally compact abelian group and T € CV»(G) with
AEI(T) € LY(G). Then for f € L*(G)

Tf = [% (Ag'(T))] % f

Example. Theorem 2 implies that for f € £L°(T),n € Nand x;,...,x, € C

< Noo( ) Y I 1.

=1

> xS —k)

k=1

A special case of this result is due to Toeplitz ([116], p. 500, Satz 7). By Corollary
3 we also obtain for 7 € CV,(Z) and x € [*(Z)

o X(

(Tx)(m) =)

2
X I’l) —1 i0y i(m—n)0
oy /Ai (T)(e')e do
0

([121], Zygmund, Vol.I, Chap.1V, Sect. 9, p. 168, (9.18) Theorem).
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1.4 For G Abelian CV,(G) is Isomorphic to CV ,/(G)

Theorem 1. Let G be a locally compact abelian group, 1 < p < o0 and
T € CV,(G). Then To € LP(G) for ¢ € LP(G) N L”(G) N LY(G) and
IToll,y < ITH,llelly-

Proof. Letg € LP(G)NLY (G)NL'(G)and ¥ € Coo(G).Letr € g ands € T(g).
Then

f S )dx = (s % §)(e) = (Te) * W])(e@).
G

The group G being abelian, we have (T'¢) * [¥] = [¥] * (T ¢). But according to
Theorem 5 of Sect. 1.2,

W x(Te) =T(Y] * ) =T(p * [V]) =¢ x T([Y]),

and in particular (T'(¢) * [¥])(e) = (¢ * T(¥]))(e) i.e.

/s(x)l//(x)dx = /r(x)t(x_l)dx

G G

where t € T([¢]"). Therefore we get

< llell Il T,

/s(x)w(x)dx

G

and consequently 7'(¢) € L”'(G) with [T(@)ll,» < ITl, ]l -

Corollary 2. Let G be a locally compact abelian group, 1 < p < oo and
T € CV,(G). There is an unique continuous linear operator S of L7 (G) with
S = Ty for every g € L'(G) N LP(G) N L¥'(G). We have || S|, < ITl,-

Definition 1. The unique continuous linear operator of the Banach space L7 (G)
of Corollary 2 is denoted j,(T).

Proposition 3. Let X be a locally compact Hausdorff space, . a positive Radon
measure on X, (Y, || ||) a normed space and f a p-moderated and j-measurable
map of X into Y. Then there exists a sequence (g,) of ji-measurable step functions
with values in Y with following properties:

L. lgn )| < I.f(x)]| for every x € X and for everyn € N,
2. lim g, (x) = f(x) p-almost everywhere,
3. supp g, is compact.
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Proof. Suppose f # 0. There is (K,);2, a sequence of disjoint compact subsets
of X and N pu-negligible with {x‘f(x) # O} = (U”:] K,,) U N. Moreover for

everyn € N K, # @ and Resk, f € C(K,;Y).Leti,n € N withi < n. For every
x € K;, there is V', open neighborhood of x in the subspace K;, such that

£~ FG < 5

for every x” € V. There is therefore k(i,n) € N and open subsets Vl(i'") R A

k(i,n)
of K; with K; = V" U---U V(") and

Hﬂw—fWW<%

for x,x" € V(' ) andl < j <k(.n).Let A" = V'™ for2 < j < k(i.n) let
A(’ " = V(’ " \U/Z AY™ The sets AU A,({’(l"n are disjoint Borel subsets of
X with K; = Uk(l ")A(l " Let I(i,n) = { < k(l,n)’A;i’") #* Q)}. For every

jel, n)choosex,jeA”')
Ifx e X\ U_ K weset g,(x) = 0.1fx € |

; 1
1 <i <nwithx € K; and a unique j € I(i,n) with x € A;’").If | fCeipll > -

we set
1
&“”‘C_mummaﬂw)

1
If | f(x;;)]| < — we put g,(x) = 0. The sequence (g,) has the required properties.
n

i=1 ;—1 K; there is a unique

Remark. If Y = C then g, € M§5(X, n).

Lemma 4. Let X be a locally compact Hausdorff space, i a positive Radon
measure on X, r,s € R, a € L"(X, ) andb € L*(X,pn) with 1 <r < s. Suppose
the existence of a sequence ( f,)52, of L" (X, n) N L*(X, ) with

lim|| f, —all, = lim | f, —b]|s = 0.

Thena = b.

Theorem 5. Let G be a locally compact abelian group and 1 < p < oo. Then j, is
an isometric isomorphism of the Banach algebra CV,(G) onto the Banach algebra
CV,(G).

1. For every u € M'(G), we have j,(AL (/L)) = )Lp (n).
2. LetT € CV,(G)and ¢ € LP(G) N L7 (G), then Jp(TM)e =To.
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Proof. Let ¢ € LP(G) N Lf’/(G). Consider ¢; € ¢. Proposition 3 implies the
existence of a sequence of mg-measurable complex valued step functions (r,) with
[ra(x)] < |@1(x)] forevery x € X andn € N. We also have lim r, (x) = ¢;(x) mg-
almost everywhere. But for every n € N we have r, € L7 (G) N LY (G) N L'(G).
The Lebesgue ’s theorem implies lim N, (r, — ¢1) = lim Ny (r, — ¢1) = 0. We get
therefore

lim || T'[r,] — T‘P”p = lim ”]p(T)[Vn] - jp(T)(P”p’ =0.

Finally by Lemma4 T¢ = j,(T)e.
The following corollary improves Theorem 1.

Corollary 6. Let G be a locally compact abelian group, 1 < p < oo and
T € CV,(G). Then Ty € L (G) for ¢ € LP(G) N L (G) and |T¢|, <
W7, el

Corollary 7. Let G be a locally compact abelian group, 1 < p < oo and u €
MY (G). Then

sup /
= sup /

G

» 1/p

p(xy)du(y)| dx ¢ € Coo(G), Ny(p) <1

C}\

o 1/p

p(xy)du(y)| dx ¢ € Coo(G), Ny(p) <1

Q\

Remark. In 1976, Herz proved that for every finite nonabelian group G and for
every p # 2, there is f € €% with [|A5(f)]], # ng/( f))

ie.
p/

sup {11/ + gllp[Ilgl, = 1} # sup {If * gl |lgly < 1}

([63], Corollary 1, p. 12). See also the notes to Chap. 1.

1.5 CV,(G) as a Subspace of CV>(G)

Theorem 1 (Riesz—Thorin). Let v be a positive Radon measure on a locally
compact Hausdorff space X, and E the space of step functions in L'(X; u). Let
0<a<y<landletthemap T : E — LY*(X;pu) N LY7(X; ) be linear and
satisfy for ¢ € E the inequalities
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ITollje = Millllije and [T o1y < Mall@llyy-

Then T : E — LYP(X;p) forall B € [a,y], and
N7l < MM where B = (1 —t)a +1y,0 <t < 1.

Proof. Cf[67], Appendix E (E.18), p. 722 and (E.16), p. 719, Example (a).

Theorem 2. Let G be a locally compact abelian group, 1 < p < oo and
T € CV,(G). Then we have Tg € L*(G) and |T¢|, < N7l , lell2 for every
step function in L'(G).

Proof. Clearly g € LY(G) N L?(G) N LP'(G). By Theorem 1 of Sect. 1.4 this
implies T¢ € L7 (G) and | T¢|,» < IT|l, ll¢ll,- We may suppose that p < 2 <
p’. By Theorem 1, with M| = M, = I7°l ,, we obtain immediately T'¢ € L*(G)
and [Tol> = IT1l, ll¢ll2.

Corollary 3. Let G be a locally compact abelian group, 1 < p < oo and
T € CV,(G). There is an unique S € L(L*(G)) with S[r] = T[r] for every
integrable step function r. Moreover ||S|l, < ||T]] .

Proof. It follows immediately from Theorem 2 and from the fact that the integrable
step functions are dense in L”(G).

Definition 1. The unique operator of Corollary 3 is denoted o, (T').

Theorem 4. Let G be a locally compact abelian group and 1 < p < oo. Then
o, is a contractive algebra monomorphism of the Banach algebra CV,(G) into the
Banach algebra CV,(G). For T € CV,(G) and for ¢ € L?(G) N L*(G) we have
a,(T)p = Tg. Moreover for u € M'(G) we have a, (A5 (1)) = A% (1).

Proof. Let T € CV,(G) and ¢ € L?(G) N L*(G) we show that &, (T)p = Tg.
Let ¢; € ¢, there is a sequence of mg-measurable complex valued step functions
(rp) with lim r,, (x) = ¢;(x) mg-almost everywhere and |r, (x)| < |¢;(x)| for every
n € N and for every x € G. Then

lim ”O‘p(T)[rn] —a,(T)pl2 = lim||T[r,] - Tell, =0,

consequently a,(T)p = T .
We obtain the following improvement of Theorem 2.

Corollary 5. Let G be a locally compact abelian group, 1 < p < o0 and
T € CV,(G). Forevery ¢ € LP(G) N L*(G) we have Ty € L*(G) and |T¢||» <
Iz, llel.
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Corollary 6. Let G be a locally compact abelian group, 1 < p < oo and i €
M'(G). Then

5 12
sup / [ oCey)du()| dx| | € Coo(G). Nale) < 1
G G
p 1/p
< sup f [ oy)du()| dx | o € Co(G). Ny () < 1
G G

Remark. The proof of Corollary 5 (and also of Corollary 6) uses in a very strong
way the commutativity of G. One the main result of this book is that Corollary 5
(and also Corollary 6) extends to the class of amenable groups.

1.6 The Fourier Transform of a Convolution Operator

Using the results and notations of Sects. 1.3 and 1.5, we introduce the Fourier
transform of a p-convolution operator for arbitrary p > 1.

Definition 1. Let G be a locally compact abelian group and 1 < p < oo. The
Fourier transform 7" € L*°(G) of T € CV,(G)is defined by T = Agl(ap (T)).

Theorem 1. Let G be a locally compact abelian group and 1 < p < oo.

S+ T)"=8S+T for S,T € CV,(G).
(@S =aS fora € Cand T € CV,(G).
. (ST)"= ST for S.T € CV,(G).

IS lloo < SN, for S € CV,y(G).

. For S € CV,(G) we have

w A W N =

ISH, = sup ¢ € L(G)N LP(G),y € L*(G) N L”(G),

'(?f(so),f(vf))'

lell, = 1. ¥l <1

. For S € CV,(G) S =0 ifand only if S = 0.

- L) = (R for every ju € M1(G).

. (AL(8.)) = eg(a) foreverya € G.

. Let S € CV,(G) such that Se Ll(a). Then for ¢ € L*>(G) N L?(G) we have
for S¢ the integral formula S¢ = [ (§)] * .

Nelie BEN o)
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Proof. This Theorem is a consequence of Theorem 2 and Corollary 3 of Sect. 1.3
and Theorem 4 of Sect. 1.5.

Remark. For T € CV,(R") T may be considered as a tempered distribution. For
¢ € C*®(R") rapidly decreasing we then have T = .7-'_'(7"\)\* o F! (7"\) being
interpreted as the inverse Fourier transform of the distribution 7.

Corollary 2. Let1 < p <ocoand S € CV,(Z). If p < 2 suppose that x € | ,(Z),
and x € L(Z) if p > 2. We then have

o]

2
(Sx)(m) = > %’;) / SEe!™ M40, m € Z.
n 0

The following proposition gives a characterization of the Fourier transform of a
p-convolution operator.

Proposition 3. Let G be a locally compact abelian group, 1 < p < oo, £ a
subspace of L*(G) N L?(G) and G a subspace in L*(G) N L? (G). We suppose
both spaces £ and G invariant by translations (f, € € and g, € G for [ € &
and g € G and a € G). We also suppose £ dense in L*(G) and in L?(G) and
similarly F dense in L*(G) and in L? (G). Let also u be an element of L°°(6).
The following statements are equivalent:

1. Thereis S € CV,(G) such that S = u.
2. Thereis K € Rwith K > 0 and

(uFo. 7y)| < Kl 1¥1l»

for every ¢ € € and every ¥ € G.
Moreover for T € CV ,(G) we have

I71, = {770 7)o < £.v € Gulol, < 1. iy <1,

Proof. We show at first that (1) implies (2). Let ¢ € L*(G) N L?(G) and
¥ € L2(G) N L? (G). We have

(wFo. 7v)| = (T o.0)| < UTH, ol 1V 1,

It remains to verify that (2) implies (1). There is a unique continuous sesquilinear
map L of L?(G) x L” (G) into C with

Lg.y) = (uF@). 7))
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for every ¢ € € and every ¥ € G. There is therefore a unique S € L(L?(G)) with
L(p.¥) =(S¢.v)

forevery ¢ € L?(G) and every ¢ € L?'(G). It remains to verify that § € CV,(G).
Letp € £,% € Ganda € G. We have

(SG0). V) = (1 F(ap). FW)) = (u (e @) Flg). F () = (u F (@) F11)

= (S¢. -1¥) = (a(S0). ¥).
Corollary 4. Let G be a locally compact abelian group, 1 < p < oo, a net (Ty) of
CV,(G), K € (0,00) and u € L*(G). Suppose that:
L ITall, = K for every o,
2. lim /fa = u for the weak topology O(L‘i‘i(/G\), Ll(a)).
Then thereisa T € CVy(G) such that T = u. We have ||T||, < K.

Proof. Let g € L*(G) N L?(G) and ¢ € L2(G) N L?'(G). For every @ we have

(Tup.v) = <f(<o>f(v?),TT>.

But

im <]-"(go)]-"(1/?), T§> - <;f(<p)f(¢),u>.

Consequently
((uFo. Fy)| < Kl ¥l

Proposition 3 permits to finish the proof.

Form = (my,...,m,) € Z" we put X,n(eiel, ... ,eig") = e!mbt+imby Thep
sm € T". Let K be a compact neighborhood of 0 in R”. For f € L'(T")and A > 0
we set

sOf=3" Fmym.

meZ"NAK
Example. For f € L'(T), s,(\g_l'll)f is the Fourier sum of f.

The following theorem (see [111], p. 74, Teorema 4.1.) relates the L? theory of
Fourier series to CV,(R").

Theorem 5. Let K be a compact convex neighborhood of 0 in R" and 1 < p < oo.
The following statements are equivalent.

L limysoo || f =53 £, = 0 for every f € L?(T"),
2. Thereis T € CV,(R") such that T = [1k].
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According to Marcel Riesz, limj oo ||f—si[_]'1])f||,, = Oforevery f € L?(T)
and for every 1 < p < oo. Consequently for every interval I of R and every
1 < p < oothereis T € CV,(R) with T = [1/]. More generally for every
n > 1, for every p > 1 and for every closed convex polyedral set C of R” there
is T € CV,(R") with T = [1¢]. But for D the unit ball in R” (n > 1) and for
p ¢ [Zn/(n +1),2n/(n — 1)] there isno 7" € CV,(R") with T = [1p]. Most of
these results are due to Schwartz ([109], see also Herz [54]). Fefferman [43] proved
that for every p # 2andn > 1 thereisno 7" € CV,(R") with T = [1p]-






Chapter 2
The Commutation’s Theorem

We show that for a locally compact unimodular group G, every T € CV,(G) is the
limit of convolution operators associated to bounded measures.

2.1 The Convolution Operator TA [, (f)

Theorem 1. Let G be a locally compact group, 1 < p < oo, T € CV,(G),
feMPG), reT[f], ¢ € LP(G)andy € LP(G). Then:

1. ¥ %7 e LV (G),

2. Ny 7)< ITH, Ny (¥) / () AG (60) 7 do,
G

3 (T Hlel W) = [ o0 D
G

Proof. To begin with suppose ¢ € Cy(G). We have

(T2% @ )le). ) = {lo * rL. 1),

From (|¢| * |r|)|¥] € L1(G) we get

/ (0 * NP )dx = f o) ¥ dx.
G

G

The inequalities

[ ()@ * D)

G

< Ny(@ *x )Ny ) < ITNl, Ny (@) Ny (V) [ FEO|AG ()7 dx
G

prove (1) and (2).

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 25
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Suppose now that ¢ € L?(G).
There is a sequence (¢,) of Coo(G) with N,(¢, —¢) — 0. We have

tim [, (00 % A = (724 (5, el 1)
G
and

=< Np((pn - (/’)Np/(w *T).

/ o) * P dx — [ 0, () * D) dx

G G

Consequently

[ oA = (T el ).
G
Remark. Even for p = 2, we are unable to decide whether || % |F| is in L7 (G).
We now show that every 7 € CV ,(G) can be approximated by TA¢ (f).

Proposition 2. Let G be a locally compact group, 1 < p < oo and I the set of all
f € Coo(G) with f(x) > 0 forevery x € G, f(e) # 0and

/f(x)AG(x)—l/P’dx =1.
G

Then:

1. on I the relation supp [’ C supp f is a filtering partial order,
2. for f € I we have H|/Xé(rpf)mp <1,

3. forevery T € CV ,(G) the net (T/\é(rpf))f | converges strongly to T
€

Proof. LetT € CV,(G), ¢ € LP(G) and ¢ > 0. Let U be a neighborhood of e in
G such thatfory e U

&

B - —151/ e
Np(fﬂ @)y-1Ac(y™) ,,)< L+ 17,

Letalso f € I with supp f C U. From

17161 = T35 DIl < I, [ Np(0 = @), 8607)17) F0)AGG 7 dy
G

we get [|T[¢] — TAg (r, )lelll, < e
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The investigation of CV»(G) requires the study of those continuous operators S
of L?(G) for which S(¢,) = (S@),.
In full analogy with Sect. 1.2 we have

(1% 9)(x) = / o ) du(y)

G

for u € M'(G), ¢ € Coo(G) and x € G. We also have yu x ¢ € C(G) N LP(G) and

Np(p* @) < |lINy(p)

for 1 < p < oo. There is a unique continuous operator S of L?(G) with S[p] =
[ * @] for ¢ € Coo(G). We have S(f,) = (Sf), for f € LP(G) and a € G.
This operator S is denoted pf (i). For f € L1(G) we set pf(f) = p&(fmg) and

pe(LfD = pg (f).

Definition 1. Let G be a locally compact group, 1 < p < oo and S € L(L?(G)).
We say that S belongs to the set CV‘[;’ (G) if S(¢s) = (S¢), forevery a € G and
forevery ¢ € L?7(G).

Proposition 3. Let G be a locally compact group and 1 < p < co. Then CVZ (G)
is a Banach subalgebra of L(L?(G)).

Proposition 4. Ler G be a locally compact group and 1 < p < oo. Then:

1. pg is a linear injective contraction of the Banach space M ' (G) into the Banach
space C V?) (G),
2. foreverya € G and every ¢ € L?(G) we have

pe e = 4—19

and 5G], = 1.
3. pg (6ap) = pg (Sa)pg (8p) foreverya,b € G,
4. for f € L'(G) and ¢ € Coo(G) we have pl(f)lp] = f * [¢].

Theorem 5. Let G be a locally compact group 1 < p < co and S € L(L?(G)).
Then S € CV(G) if and only if

S(p* ALY £) = (Se) « (ALY £)

forevery f € L'Y(G) and every ¢ € L?(G).

Remarks. 1. The map x — ,oé (8y) is the left regular representation of G.
2. The proofs of Proposition 4 and Theorem 5 are entirely similar to those of the
corresponding results concerning CV ,(G) and AL (cf Sect. 1.2).
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Similarly to Theorem 1 and Proposition 2 the following two results are verified.

Proposition 6. Let G be a locally compact group, 1 < p < oo and I the set of
all f € Coo(G) with f(x) > 0 for every x € G, f(e) # Oand/f(x)dx =1

G
Then:

1. on I the relation supp f' C supp f is a filtering partial order,
2. For f € I we have |||pg(f)|||p <1,

3. Forevery S € CV?’7 (G) the net (Spé (f))f | converges strongly to S.
€

Theorem 7. Let G be a locally compact group, 1 < p < oo, S € CV?,(G),
g€ M(G), s € S[gl, ¢ € L2(G) and € L (G). Then:

1. s* ¢ € L7 (G),
2. Ny (s™ = 9) = IS, Ny (W) N1 (g),
3,

(el 1) = [ oG it

G

2.2 A Commutation Property of CV,(G)

For § € CVZ(G) and 7 € CV,(G), we first obtain integral formulas for
TAG(f)SpG(g) and for Spg () TAg (/).

Proposition 1. Let G be a locally compact group, 1 < p < oo, S € CVi(G),
T eCV,(G), f.g e MF(G), s € S[glandr € T[f]. Then:

(1360 3o @l ) = [ o @

G

for € LP(G)and ¥ € L (G).
Proof. Let ¢y € Spl(g)[¢] and

1= (T34, N)SoL (@), 1),

Then by Theorem 1 of Sect.2.1 ¢ x 7 € L£P'(G)and [ = /(pl(x)(w *7)(x)dx.
G

Consequently

I = <Spg (@)o). [y = f]>'
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Then by Theorem 7 of Sect. 2.1 s* (¥ % 7') € £’ (G) and

(et el v +71) = [ oG+ s PRI

G

Proposition 2. Let G be a locally compact group, 1 < p < oo, S € CVﬁ(G),
T € CV,(G), f,g e MG(G), s € S[gland r € T[f]. Then:

(66 @ T4 (x vl ]) = [ oG 7T
G
for every ¢ € LP(G) and every ¥ € LV (G).
Proof. Let g1 € TAL (7, f)[g] and

1 =Sk T ALz Mgl 1),

Then by Theorem 7 of Sect. 2.1 s* % ¢ € £7 (G) and

I = f 0 ()G % I dx

G
and therefore

1= (T2 @ Nl " + ).

We finally apply Theorem 1 of Sect. 2.1: we have (s* % ¥) % 7 € £ (G) and

1 = [w(x)(s* * (Y x 7)) (x)dx.

G
In the following it will be decisive to assume the unimodularity of the locally
compact group G. With this assumption, we have 7, f = f.

Lemma 3. Let G be a locally compact unimodular group, S € CVg (G), T e
CV2(G) and f.g € MGS(G). Then TAL(f)Spg(8) = Spg ()T A5 (f)-

Proof. Forr € T[f],s € S[g] and ¢, ¥ € M5 (G) we have

(133 (F15p2 @ oL 19]) = [ w00+ (= PRIax

G

and

(65725 (NieL. 19]) = [ oL+ vTx DEwIax

G
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By the unimodularity of G, for every x € G we have (|¥| * |[F|]). € £*(G), and

consequently
*

[ 15t ( [ woralr@id: | dy < .

G G

This implies s* % (Y % 7) = (s* x ) * I

Theorem 4. Let G be a locally compact unimodular group. Then ST = TS for
S € CV4(G) and T € CVy(G).

Proof. To begin with we prove that for § € CV;I(G), T € CV,(G) and
f € M$(G) wehave STAL(f) = TAL(f)S.
Letg € L?(G) and & > 0 There is g € Coo(G) with:

g(x) = 0 forevery x € G, /g(x)dx =1,
G

I1Spg (20 — Soll> < and  [|Spg(e)TAG ()¢ — STAZ (f)</>||2< =

&€
20+ [IT25 (Ol

Now from

ISTAG (/e — TAG(f)Sel2 < ISTAG(f)e — Spg ()T A5 (el

+ISpe () TAG(/e—TAG(f)Sprg(@)¢l+ ITAG()Spe(g)e—TAG(f)S¢la.

Lemma 3 and

ITAG(f)Spg(g)e — TAg (f)5§0||2<§

we get
ISTAG(f)e = TAG(f)Sel2 <e.

Next let ¢ € L?(G) and ¢ > 0. According to Proposition 2 of Sect. 2.1 there is
f € Coo(G) with f(x) > 0 forevery x € G, / f(x)dx =1,
G

&
ITSg — TAL(f)Splr <= and [T — TAL(f)els < —— .
253 2= 20+ 15T

From
TS —STel>

< ITSe=TAG(f)Sl+ITAG(f)Sp—=STAG (el +ISTAG(/e—STol.
TAG(f)S¢ = STAG(f)e and [STAG(f)g — ST¢||2<§

we obtain
ITSp — STl < e.
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2.3 An Approximation Theorem for CV,(G)

Using the commutation theorem of Sect.2.2 (Theorem 4) we show that every
T € CV;,(G) is the limit of AzG (p) for G alocally compact unimodular group.

For a complex Hilbert space H, we denote by L(H) the involutive Banach
algebra of all continuous operators of H. For T € L(H), | T| is the norm of the
operator 7. For £ a subset of L() we denote by £’ the set of all T € L(H) with
ST =TS forevery S € £,and we put £” = (£')’.

Theorem 1. Let H be a complex Hilbert space and B an involutive subalgebra of
L(H) with {Tx‘x e HT e B} dense in H. Then B" coincides with the closure of

B in L(H) with respect to the strong operator topology.
Proof. See [36], J. Dixmier, Chap. I, Sect. 3, no. 4, Corollaire 1, p.42.
The next result is Kaplansky’s density theorem.

Theorem 2. Let H be a complex Hilbert space and B, C two involutive subalgebras
of L(H) with B C C. Suppose that C is dense in the strong closure of B in L(H).
Then for every T € C there is a net (Sy) of B such that:

1. limy Sy = T strongly,
2. ||Sell < |IT|| for every a.
Proof. See Dixmier, [36], Chap.1, Sect. 3, no. 5, Théoreme 3, p. 43-44.

Let G be a locally compact group. In this paragraph, we denote by 4 the set of all
A% (1), where p is a complex measure with finite support. Clearly A is an involutive
subalgebra £(L?*(G)) with unit: A% (u)* = A% (i) and A% (8.) = idLg:(G). The
following statement is straightforward.

Proposition 3. Let G be a locally compact group. Then CVEI (G)=A.
We obtain now the promised approximation theorem for CV»(G).

Theorem 4. Let G be a locally compact unimodular group and T € CV,(G).
There is a net (Juy) of complex measures with finite support such that:

1. limg A (o) = T strongly,
2. ||A& )|, = TN, for every a.

Proof. By Theorem 4 of Sect. 2.2 we have T € A”. It suffices to apply Theorems 1
and 2 to finish the proof.

"
Remarks. 1. The fact that {)LZG(SX))X S G} = CV,(G), for G locally compact

and unimodular, is due to Segal ([110], Theorem, p. 294). The case of G discrete,
was obtained earlier by Murray and von Neumann ( [96], Lemma 5.3.3, p. 789).
"

2. Using different methods, Dixmier obtained {)\ZG (SX)‘x € G} = CV,(G), and
consequently Theorem 4, for every locally compact group G ([35], Théoréme 1,
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p- 280, [36], Chap.1, Sect.5, p. 71, Théoréme 1 and Exercice 5 p. 80). See also
Mackey ([90], p. 207, Lemma 3.3.)

Theorem 5. Let G be a locally compact unimodular group and T € CV,(G).
There is a net ( fy) of Coo(G) such that:

1. limg AZ(fy) = T strongly,
2. 112 (fll, < UT Il for every a.

"
Proof. According to Theorem 1 (/\é (COO(G))) is the strong closure of A% (Coo(G)).
/
But by Theorem 5 of Sect. 2.1 (AZG (COO(G))) = CV4(G) and consequently

(2(Co(60)" = cV2(6).

Remark. We will extend this result to p # 2 for certain classes of locally compact
groups. We will also try to give more information on the approximating net ( fy).



Chapter 3
The Figa—Talamanca Herz Algebra

Let G be a locally compact group. The Banach space 4,(G), generated by the
coefficients of the regular representation in L?'(G), is a Banach algebra for the
pointwise product on G. If G is abelian then A,(G) is isomorphic to L'(G).

3.1 Definition of 4 ,(G)

Let G bea locally compact group and 1 < p < oo. For k e £P(G)and! € L7 (G)
we have k % [ € Co(G) The function k x [ is a coefficient of the right regular
representation in LY (G):

— v

Kxl(x) = (Ag’(sx)[z,,/n, [rpk]>.

Definition 1. Let G be a locally compact group and 1 < p < co. We denote by
A, (G) the set of all pairs ((k,,), (1,1)) where (k,) is a sequence of L7 (G) and (/)
o0

a sequence of ﬁp/(G)with Z Np(ky)Npy(l,) < 0.
n=1

Let ((kn), (ln)) be an element of 4 ,(G). Then

o0 _ . o0
D Nk # Il <Y Np(kn) Ny (1)

n=1 n=1

o0 o0
Therefore Z |E,, * lv,l| converges uniformly on G and Z kn x lv,, € Co(G).

n=1 n=1

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 33
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Definition 2. Let G be a locally compact group and 1 < p < oco. We denote by
A,(G) the set of all u € C such that there is ((kn), (ln)) € A,(G) with

u(x) =Y (ky % 1)(x)

n=1

forevery x € G.

Proposition 1. Let G be a locally compact group, 1 < p < oo, K a compact subset
of G and U an open subset of G with K C U. Then there is u € A,(G) N Coo(G)
with:

1. 0 <u(x) <1 forevery x € G,

2. u(x) = 1foreveryx € K,

3. suppu C U.

Proof. There is V' compact neighborhood of e in G such that VV™'K C U. It
suffices to put

Iy

Loo
Wand | = KW
m

Proposition 2. Let G be a locally compact group and 1 < p < oo. Ap(G) is a
linear subspace of Co(G).

Proof. 1t s clear that for u € A,(G) and @ € C the function cu belongs to 4,(G).

o0
We claim that u +v € A,(G) for u,v € A,(G). Letu = Z%” * lv,l and v =
n=1

o0
Z?n xS, . Forn € N we put fo, = ky, fon-1 = rn, €20 = lu, gou—1 = Su. Then

n=1
clearly <(f,,) (g,,)) € A,(G) and Z?n * &, =u+v.
n=1

Definition 3. Let G be a locally compact group and 1 < p < oo. For every u €
A,(G) we put

lulla, = inf{ > N k) Ny )| (). () € A (G,

n=l1

o0
uzza*in§.
n=1

Lemma 3. Let E be a C-vector space, p a seminorm on E and (u,,)sozl a Cauchy
. o0 .
sequence of E. There is a subsequence (u,,k) ke With
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o0
ZP(”M-H — Up;) < 00.
k=1

Proof. For every € > 0 there is A(¢) € N such that
puy, —uy) <e

for every m,n € N with m,n = A(g). By induction there is a sequence (ny) of N
with ny < ng4; and

e (3)

forevery k € N. Then (u,, )2 , is a subsequence of the sequence ()
k € N, we have

oo

o2 - Forevery

1

p(“nk_;,_l - unk) < 2_k

and therefore
o0
Zp(u”k—H - u”k) < 00.
k=1

Theorem 4. Let G be a locally compact group and 1 < p < 0o. Then ||| 4,(6) is a
norm on A,(G) and with respect to this norm, A,(G) is a Banach space. For every
v € Ap(G) we have ||v|l, < [|v]|4,-

Proof. The estimate |[v|l, < |[[v[l4, is straightforward. The fact that [[[|4, is a
norm is consequence of the proof of Proposition 2. It remains to prove that 4,(G)
is complete. Let (v,) be a Cauchy sequence of A,(G). The space Cyo(G) being
complete, there is v € Cy(G) such that lim ||v — v, |, = 0. By Lemma 3 there is a
subsequence (v, ;) such that

o0
> Avny 0 =iy lla, < 0.

j=1

Forevery j € N

(e )
V}’lj.l,.] _an = Zk(mvj) * l(m~])
m=1

and

1

o0
D Npkm jy Ny (i jy) < 1y 40 = vy lla, + >

m=1
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oo 00 0o 00
Then Z Z k. jy*lom,j) € Ap(G). Letw = Z Z km.j) * Lon, ). We have
i=1im=1 i=lm=1

=0.

t o0
i o= 325 oy iy

j=lm=1

Ap

But

t o0
D0 kg * lomjy = =iy + Vg,

j=lm=1

and consequently

t1—1>nolo W+ vay = Va1 lla, = 0.

This implies v = w + v,, and therefore v € 4,(G). We also obtain
Jim Iy =i, = 0
and finally
lim [[v—wv,[l4, = 0.
n—oo

Remarks. 1. The Banach space A,(G) has been first considered by A. Figa-
Talamanca in 1965 [44] for G abelian, for G compact but non necessarily
commutative and also for G unimodular non-commutative, non-compact and
p = 2. The above definition is due to Eymard [42].

2. Foru € A,(G) onehasu € A,(G) and [u]| 4, = [lull4,.

3. Every bounded measure . on G belongs to the dual of 4,(G) and ||,u,||Arp < |\l

Lemma 5. Let E be a C-vector space, p a seminorm on E, F a C-subspace of
E, x in the closure of F in E and ¢ > 0. Then there is a sequence (y,) in F such
that:

n
ol 3on) =0

k=1
o0
2.3 p(y) < p(x) + &
n=1
Proof. Let0 < g; < min{l, e}. For everyn € N thereis v, € F with

&1
px —v,) < ek
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Let y; =v; and y, = v, —v,—; forn = 2. For every n € N we have

1
P(X—(yl +"'+J’n)> < nta

Letn = 2. We have
D o pe) = p) + ) POk — i),
k=1 k=2

but
‘ " 1 381
ZP(Vk —Vk—1) < 3& Z W < T
k=2 k=2
and thus
ad 781
> p() < px) + 3
k=1

Proposition 6. Let G be a locally compact group, 1 < p < 0o, €| a dense subspace
of LP(G), & a dense subspace of LV (G), u € Ap(G), and & > 0. Then there exists
(an) a sequence of £, and (by,) a sequence of & such that

00
ZNp(an)Np’(bn) < ||M||Ap +e

n=1

o0
and with ZE,, * b, = u.

n=1

Proof. 1. For f € LP(G), g € L7 (G) and & > 0 there exists (k,) a sequence of
&1 and (I,) a sequence of &, such that

ZNp(kn)Np’(ln) < Np(f)Np’(g) +e&

n=1

€1

0 .
ST TN, + Ny (9)
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There is a (r,) a sequence of & and (s,) a sequence of &, such that:

th < Zrk)—() ZN (rn)<N(f)+n’

n=1

limNp< Zsk)_o and ZN /(52) < Np(g) + 1.

n=1

We have

||M8

Z p(r)Ny(s)) < Np(fINy(g) + &

o0 o0
and?@:ZZn*V

n=1n'=1

2. End of the proof.
o
Let ((k,,), (zn)) € A,(G) with Y Ky %I, = uand

n=1

00
ZNp(kn)Np/(ln) < ”””Ap +

n=1

By part (1), for every n € N there is (ron.n) a sequence of & and (Sgnn) a
sequence of & such that

> &
D NpCona) Ny (stnm) < Nk Npr () + 5

m=1

o0
and k,, Z (m.n) * S(mny- Finally

o0 o0
DN Ny o) Ny (snamy) < lluella, + &

n=1m=1

o0 o0
with u = Z Z 7(m,n) * §(m.n)-

n=1m=1

Corollary 7. Let G be a locally compact group and 1 < p < oo. Then
Ap(G) N Coo(G) is dense in A,(G).
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3.2 A,(G) for G Abelian

We recall that for G be a locally compact abelian group, ®» (Definition 1 of

Sect. 1.3) is an involutive contractive monomorphism of the Banach algebra L' (6)
into the Banach algebra Cy(G).

Lemma 1. Let G be a locally compact abelian group and let ((kn), (l,,)) be an
element of Ay(G). Then there is a unique [ € Ll(a) with

tim | £ — i Fkny F)
n=1

=0.
1
Moreover we have:

i —_— v
L @g(f) =Y knxly

n=1

201/ <Y Nalk) Nal).

n=1

Proof. Let M, N € N with M < N. We have

N N
> [FwrFan] = 3 Mt Vo).

n=M n=M

Consequently

N
> FkayF(ln). N =1,2.3,....

n=1

is a Cauchy sequence in L' (@) There is therefore f € L' (6) with

tim | £ — i Flhn) F(l)
n=1

=0.
1
Letn € N we have

|SF - 05n], < 30 Matoma + | £ - Y FrFa],
j=l j=n+1

j=1

and

10 < £ = Yo F Ry Fa| + D0 Nathk)Nall).
j=l j=l
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Theorem 2. Let G be a locally compact abelian group. Then A>(G) is an involutive
Banach algebra for the complex conjugation and the pointwise product. The map
@4 is an involutive isometric isomorphism of the Banach algebra LY(G) onto

A>(G). For every u € Ay(G) there is k,1 € L2(G) with u = k = [ and
llull 4, = N2(k)Na (D).
Proof. 1. @4 is an isometry of Ll(a) onto A,(G).

Let f € L'(G)and f; € f.Wedefiner = | fi|"/>and s(y) = 0if fi(x) = 0

and s(y) = if fi(x) # 0. Then

11X
FAVIIRS

D (f) = F([F) * FH(B])
and therefore 4 (/) € A2(G) with

196 ()llay < N2(F)N2(3) = Ni(f1) = 1/ ]lh.

Let any ((kn), (ln)) € Ax(G) with @ (f) = > ky # I, There is g € L'(G)

n=1

o0
with ®:(g) = Z%” * lvn and
n=1

lglh < 3 Nalka)Na(ly).

n=1

This implies g = f and [| /1 = [[®¢ (/) 4,-

o
Let u € 45(G). Choose ((k,,), (zn)) € Ay (G) withu =Y K, # 1, and

n=1

=Y Flkn) Fly)-
n=1
Then @4 (f) = u.
2. For every u € A,(G) thereis k.l € £2(G) with u = k * [ and ||| 4, = Na(k)
Ny (D).
Let f € @gl(u). Consider r = | f|"? and s(y) = 0if f(x) = 0, s(y) =
A3,
TG0 ° i
3. @ (f x8) = Pp(f)Pg(g) and B (f) = g (f) for f1g € L1(G).
We have (f * g) = ;‘\:g\ and (f)"= /f
Remark. Foru € A>(G) we have it € Ay(G) and ||it]| 4, = ||u]| 45-

if £(x) # 0. It suffices to choose k € F~! ([;7]) and [ € F! ([5])
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3.3 A,(G) is a Banach Algebra

Let i be a complex Radon measure on the locally compact Hausdorff space X, and
(V, llllv) a complex normed space. For f : X — V and 1 < p < oo we put

1/p

N,(f) = / | F @5 d |l x)
X

Let FL (X, ) be the C-subspace of all maps of X in V with N,(f) < oo.
Then N, is a semi-norm on }"{,’(X , ;). This semi-normed space is complete. We
denote by L%, (X, w) the closure of Coo(X; V) into F?(X, pu; V) and by LV (X, w)
the associated normed space. For f € CX and v € V we define fv € VX by
(fv)(x) = f(x)v. Let A(X; V) be the linear span of {¢p v| ¢ € Cpo(X),v € V}in
VX and u the canonical linear extension of w to A(X; V). Forevery f € A(X:V)
we have [|()llv = Ni(f).

Lemma 1. Let X be a locally compact Hausdorff space, |1 a complex Radon
measure on X and (V, || ||v) a complex normed space. Then A(X; V) is dense in

Ly (X, ).
Proof. Let f € £1,(X, 1) and & > 0. There is f; € Coo(X; V) with

N(f =) <3
Thereis also g € Cypo(X) with g = Oand g(x) = 1 onsupp f;. Thereis Oy, ..., Oy
open subsets of X, a; € Oy,...,ay € Oy with supp fi C O; U---U Oy and
e
[f1(x) = fila) v < m
for every x € O, and forevery 1 < n < N. We can find e,...,exy € Cy(X)

N
with e, = 0, suppe, C O, foreveryl <n < N, Zen(x) = 1 on supp f; and

n=1
N

N
Z en(x) < lonX.Thenk = Z g ey f1(a,) belongs to the vectorspace A(X; V).
n=1

n=1
For every x € X we have

N
fil) —k(x) =) g(@)en(¥)(fi(x) — filan)).

n=1

This implies N1(f —k) < e.

Theorem 2. Let X be a locally compact Hausdorff space, |t a complex Radon
measure on X and (V.|| |lv) a complex Banach space and f € L}, (X, ). Then
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there is a unique v € V such that F(v) = / F(f(x))du(x) forevery F € V'. We
X

have ||v|lyv < Ni1(f).

Proof. There is a sequence (f,;) of A(X;V) with limy,—eo Ni(fy — f) = 0.
For m,n € N, we have ||u(fn) — u(f)llv < Ni(fmw — fu). The sequence
(i(fy)) is a Cauchy sequence in the Banach space V. Then there is v € V with
lim ||( fy) — v|ly = 0.Let F € V'. Forevery n € N we have

[F0) = [ O] < 1w Iy = wClle + 1F 1y il = £

X

It follows that F(v) = / F(f(x))du(x). The uniqueness of v is straightforward.
X

Definition 1. The vector v of Theorem 2, is denoted p( f) or / f(x)du(x).
X

Remarks. 1. pu is a continuous linear map of £},(X, ) into V.
2. See Bourbaki, [6], Chap. III, Sect. 3, no. 3, Corollaire 2, p. 80 for a more general
result.

Let @ be a continuous map of a topological space X in a topological space Y.
For f € C(Y) we put w*(f) = f ow. Then @* is an algebra homomorphism of
C(Y) into C(X).

Lemma 3. Let w be a continuous homomorphism of a locally compact group G
into a locally compact group H, k.|l € M(G) and r,s € Coo(H). We set for
heH,
J(h) =k w*(ry) *6 (I (@*(s1))"

Then for 1 < p < 0o we have:
1. j € Coo(H; A,(G)) and/j(h)dh € A,(G),

H
2. /j(h)dh =k xg lo*(F *y 5),

H

30K #6 L™ (F u )lla, < NpkINy (DN, ()N (s).
Proof. For every h € H we put f(h) = k w*(r;) and g(h) = [ w*(s;). Then
f(h), g(h) € M3 (G) and j(h) = f(h) xg g(h)" Butfor h, hy € H we have

I (h) = j(ho)ll4,

< Il Ny () Ny (8h) = gh0)) + s = rig s Np(G) Ny (o) ).
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This implies j € COO(H;AP(G)),/j(h)dh € A,(G) and
H

H 1[ j(hydh

< / 1), d.
Ap a

But

1/p

1/p
/ 1)l di < / Np(f(h) Ny (g(h))dh < ( [ Np(ﬂhwh) ( / Ny (g(h)? dh)
H H H H
We have moreover
1/p

1/p
(/Np(f(h))”dh> = N,(k)N,(r) and (/Np/(g(h))”/a’h) = Ny (I)Ny (s)
H H

and thus

H H/ j(hydh

Let x be an element of G. We recall that §, € A,(G)’, thus

5, ( / j(h)dh) = [ st

H H

< Ny(k)Ny ()N, (r)Nr (s).
Ap

But forevery h € H

jh)(x) = /k(xt) r(w(xt)h)l(t)s(w(t)h)dt
G

and therefore B y
/ JI)dh = (€ %6 DO F 5 H@)).
H

Theorem 4. Let w be a continuous homomorphism of a locally compact group G
into a locally compact group H and 1 < p < oco. Foru € A,(G) andv € A,(H)
we have then u 0*(v) € A,(G) and |lu 0*(V)||a, < llulla,lIV]a,-

Proof. Let ¢ > 0. We choose

0<ée <minA 1, ¢ .
(14 llla, + vl )

By Proposition 6 of Sect. 3.1 there is (k,), (I,), (r,) and (s,) sequences of Cyo(G)
with
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w=Y knxlp. Y Nplka) Ny () < lulla, +e1.v=") T3,

n=1 n=1 n=1
and

00
ZNp(rn)Np’(Sn) < ”V”Ap +er.
n=1

n n

For every n € N we put u, = ZE * l} and v, = Zﬂ *p §;. By Lemma 3
j=1 j=1

uy 0*(vy) € Ap(G). Forn > m = 1 we have

[l w*(Vn) — Um w*(Vm)”Ap < (”V”Ap + 1)( Z Np(kj)Np’(lj)>

j=m+1

+(llulla, + 1)( Z Np(ri)Np’(Si))-

i=m+1
There is consequently w € 4,(G) with
lim ”W — Up w*(Vn)”Ap(G) = 0.

For every n € N we have

||w—uw*(v)||oos(1+||u||A,,)( > N,,(r,)Np/(s,>)+||v||oo< > N,,(k,-)N,,/(l,-))
Jj=n—+1 j=14n

and therefore u w*(v) € A,(G). We finally have
luw* W), < lluw™ ) —uy @™ Va)lla, + lulla, V], + e

Corollary 5. Let G be a locally compact group and 1 < p < oo. For the pointwise
product the Banach space A,(G) is a commutative Banach algebra.

Remarks. 1. Even for G = T this result is not trivial.

2. The fact that A ,(G) is a Banach algebra is due Herz in ([56], p. 6002, Théoréme
1, [57], p.-244, [59], p. 72, Corollary). Eymard proved earlier that A,(G) is a
Banach algebra [41]. The proof above is due to Spector ([112], Lemme IV.2.1,
p-52, and Théoreme 1V.2.3., p. 54). See the notes to Chap. 3 for Herz’ approach
and various generalizations.

Corollary 6. Let G be a locally compact group and 1 < p < oo. Letv € A,(G),
foreveryu € Ap(Gy) we haveuv € Ap(Gy) and ||vulla,c,) < llulla,cn)llvia,@G)



Chapter 4
The Dual of A,(G)

The dual of the Banach space A4,(G) is the Banach space PM,(G) of all limits
of convolution operators associated to bounded measures. If G is abelian then
A>(G) C A,(G). Holomorphic functions operate on A ,(G).

4.1 The Dual of A ,(G): The Notion of Pseudomeasure

Proposition 1. Let G be an abelian locally compact group. Then for u € A>(G)
and € M'(G) we have

) = (@3 (0. (7))

and
)] = [ Elloollwll 4,
Proof. We have

p = | ( / @g‘(u)(x)sc(x)(x)dx)du(x)= / @g‘(u)oo( / X(X)du(X))dx-
J /

G G G

Moreover
@] < [ Zllooll @7 @)1 = I7lloollull 4,-

According to Theorem 2 of Sect. 1.3 [|A% (1) ||, = II7Z]|oo- Proposition 2 below
extends the inequality of Proposition 1 to every 1 < p < oo and to every nonabelian
locally compact group.

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 45
Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_4,
© Springer-Verlag Berlin Heidelberg 2011
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Proposition 2. Let G be a locally compact group and 1 < p < oo. Then for
w € MY(G)andu € A,(G) we have

o

i) = 3 (R (e k. [er1))

n=1

for every <(kn), (l,,)) € Ay,(G) withu = Zzn %1, The following inequality holds

n=1
k)] < A5, lull,.

Proof. Let ¢,y € Cyo(G). For x € G we have

@ *V)(x) = / (0p@) =1 (M A ()Y (1) (y)dy
G
and therefore

1@ * ) = /(fp/l/f)(y) (/ (Tp9) -1 (y)AG(x‘l)”f’d/L(X)) dy,
G G

/ o AP du(x) = (50 % AL ) ()
G

hence

n@ ) = (AL (DIl [r91).

For k € £7(G) and [ € £” (G) choose ¢,, ¥, € Coo(G), n = 1,2,3, ..., such
that ¢, — k in £7(G) and ¥, — [ in £”'(G). Then

Tim (38 (D)lepgal. [e9n]) = (GG k] 211,

On the other hand . .
lim @, Y, =k = [
n—>00

in A,(G) and thus

(A& @Ik, [epr1]) = a5 D,

Finally we have

() = M(Zk_n* 1;) =Y plky % 1) = Z(A’g(m[fpkn], [fp,zn]>
n=1

n=1 n=1
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and

oo

MOED

n=1

<Af; (W)[Tpkn. [ty ln]>

= |||/\Z (ﬂ)mp Z Np(kn)Np ().
n=1

Remark. From Theorem 2 of Sect. 1.3 and Theorem 2 of Sect. 3.2 it follows, for G
abelian, that

122 @), = sup {Irw)

ue 4x(G), lully, < 1}.

We will prove the following generalization:

125 @1, = sup {1

ue 4,(G), Julla, <1}

forevery 1 < p < oo and for an arbitrary locally compact group G.
Scholium 3. Let G be a locally compact group and 1 < p < oo. Then for every
w € M'(G) we have AL (1) = /)LZ(SX)d/L(x) in the following sense: for every

G
@ € LP(G) and every Y € LV (G)

(a0t 1) = [ (360l Wl)anco
G
This Scholium permits to complete in a very simple way Proposition 4 of Sect. 1.2.

Corollary 4. Let G be a locally compact group and 1 < p < oo. Then )LG isa
contractive representation of the Banach algebra M '(G) into L?(G).

Proof. Tt suffices to Verlfy that AL (@ % B) = A% (a) o AL (B) fora, B € M'(G). Let
@ € LP(G)and ¢ € L” (G). We have

(AL (e * B)g. ¥) = / (AL (8¢ ¥)d(@ * B)(x)

G

- / / (Ao, ¥)da(x) | dB(y)

G G

/ / (AL GIAL G0, V), , ,wda(x) | dB(Y)

G

— / AL (@) (8y)p. ¥)dB(y)
G
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= /(*é(Sy)fﬂ,lg(a)*w)dﬁ(y) =(/\f;(ﬂ)<ﬂ»lg(a)*w)

= (Ag(@AZ (B)g. V).

Definition 1. Let G be a locally compact group and 1 < p < oco. The topology on
L(L?(G)), associated to the family of seminorms

o

Z Tlkn]. 1))

with ((kn), (ln)> € A,(G), is called the ultraweak topology.

Remarks. 1. This topology is locally convex and Hausdorff.

2. Let T be a continuous operator of L?”(G), (S,) a net of L(L?(G)) such that
sup, [|S«ll, < oo, £ a dense subset of L”(G) and F a dense subset of L7 (G).
Suppose that

lior(n < Sep, ¥ >=<To, ¥ >

forp € £and ¥ € F. Thenlim S, = T for the ultraweak topology.

Definition 2. Let G be a locally compact group and 1 < p < oo. The closure
of AZ(MI(G)) in L(L?(G)) with respect to the ultraweak topology is denoted
PM ,(G). Every element of PM ,(G) is called a p-pseudomeasure.

Remarks. 1. Clearly PM ,(G) C CV ,(G).

2. Theorem 4 of Sect.2.3 implies that CV,(G) = PM;,(G) for every locally
compact unimodular group.

3. We will show that PM ,(G) = CV,(G) for every locally compact amenable
group G and every 1 < p < oo.

4. It is unknown whether PM ,(G) = CV ,(G) in general.

Lemma 5. Let G be a locally compact group, 1 < p < oo, T € PM,(G),
oo o
((kn), (1)) and ((k,;), (1)) € Ap(G) with YKy x 1, = Yk, x 1. Then
n=1

n=1

i(T[rpkﬂL [rprln]> = i(T[rpk,;], [fp,zl;]>_
n=1 n=1

Proof. Lete > 0. Thereis u € M'(G) such that

S (k. fotl) = 3 (R Epk eyl <
n=1

n=1
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and

i(r[rpk] [z l]) i(xg(u) [eoko). (o]} < 5

n=1

Proposition 2 implies

i(kg(ﬂ)hpk I Tp/l ]> i(ké(u)[rp [‘l:prln]>

n=1 n=1

and consequently

S (Tl o)) = (Tl L) <
n=1 n=1

Definition 3. Let 7 be a p-pseudomeasure on the locally compact group G, and
1 < p < oco. We define the continuous linear form W7, ¢(T) on A,(G) by

[e.]

W)@ = Y (Tlepk, ). (o, w = Y Fax b € 4,(6).

n=1

The following theorem gives a description of the dual of 4,(G).
Theorem 6. Let G be a locally compact group and 1 < p < oo. Then:

1. W2 is a conjugate linear isometry of PM ,(G) onto A,(G)';

2. WEAL () = p for every p € M'(G);

3. \IJZ is a homeomorphism of PM ,(G), with the ultraweak topology, onto A,(G)',
with the weak topology (A ,(G)', A,(G)).

Proof. (I)Let F € A,,(G)/. We prove that there is a unique operator Tr € L(L?(G))
such that

Flk+l) = <TF[‘L'pk], [f,,/11>

for every k € £7(G) and every [ € £”(G) and that Tp € CV,(G) with | TF|,
=1Fl, G-
P

The map ([k].[/]) — F(k = [) is linear in the first variable and conjugate linear
in the second variable and

|[F® 5 D| < 1F 1L N1 10

Hence there is an unique operator Sy € L(L?(G)) with

Fk+1) = (Sp[k], [1]).
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We have ||SF|l, < [[F]l . It is straightforward to verify that Sp € CVﬁ (G). Let
P
Tr = 1,08pot,. Then Tr € CV,(G) and

Fk+1) = <Tp['cpk], [rp/l])

for every k € L£7(G) and every [ € L£P'(G). It remains to prove that Flly <
r
N7rl,-

For every u € A,(G) and every ((kn), (ln)) € A,(G) withu = ZE,I * lvn we

n=1

have
o

F) = Y (Trlcpkal. [oph)

n=1

This implies
o0
|F@)| < ITell, Y Np(ka) Ny (L)
n=1
and therefore ”F”A’p <|TFll,-
(1) Forevery F € A:” we put j(F) = TF. Then clearly:
i. j(Fi+ F)=j(F)+ j(F)forF,F,eA,
ii. j(@F) =0aj(F)fora € Cand F € 4,

iii. j(u) = AL(R) for p € MY(G),
MON, = ||F||A;7 for F € A’,. In particular the map j is injective.

~.
<

We verify only (iii). According to Proposition 2 we have

w(k 1) = (A4 @,k 7011)

but -
(ke x 1) = (Tulephl. [epr 1)

(III) The set {fm(; ‘f € COO(G)} is dense in A ,(G)" with respect to the topology
o(A’, A,).

Suppose that E, F are two complex vector spaces and B a bilinear form on
E x F. For M a subset of E we put M° = {u € F‘B(L,u) = 0 for every

LeM } and similarly for a subset of F. We also set M% = (M°)°. Suppose now

that M is a subspace of E. By the bipolar theorem, the closure of M with respect
to the topology o (E, F) coincides with M. Choose E = A,(G), F = A,(G),

B(L,u) = L(u)and M = {fm(;’f c COO(G}. Ifu € MO, then fmg(u) = 0
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for every f € Coo(G), and therefore u = 0. We have proved that M° = 0 and
consequently that M = E.

(1V)  Consideron A,(G)’ the topology o (A),, A,) and on j(A4,(G)’) the ultraweak
topology. Then j is a homeomorphism of 4,(G)’ onto j(A4,(G)").

o0
Lete > 0, ((k,l), (ln)) € A,(G)andu = er_kn * (Tply)" Let
n=1

%
S nan] <

U= {L € 4,(GY

and

y=1Tc¢ j(A,,(G)’)

We have j(U) =V and U = j (V).
(V) Wehave j(4,(G)) C PM,(G).

Let F € A,(G). According to (III) there is a net (fy) of Cop(G) with
lim fy,mg = F for o(A’p, Ap) and therefore lim j( fymg) = j(F) for the ultraweak

topology.
(VI) j is a bijection of 4,(G)" onto PM ,(G) and W} = j 1.

It is straightforward to verify that for T € PM,(G) WZ(T) € A,(G) and
K% (T)||A/ <|\IT|l,- Butfork € L7(G) and ] € L? (G) we have

VL) (T k * (1)) = ( ($ED) KL 1) = (7], 1)

and therefore j (\IJg (T)) =

Remark. This result is due to Herz [56], [57]. Figa-Talamanca [44] (Theorem 1,
p.-496) proved it for p > 1 for G abelian or compact, and for p = 2 if G is
unimodular. For p = 2 and any locally compact group it was proved by Eymard
[41] (p.210 (3.10) Théoreme).

Corollary 7. Let G be a locally compact group and 1 < p < oo. Then:

1. {/\é(f) ‘ f e COO(G)} is ultraweakly dense in PM ,(G),

2. {/\Z(M)‘/L is a finitely supported complex measure on G} is ultraweakly dense
in PM,(G).

Proof. The statement (1) is contained in the preceding proof. The proof of (2) is
identical to the proof of (1) with M = { M‘ W 1s a finitely supported complex measure

on G}.

Remark. For every ;1 € M'(G) there is a net (i) of finitely supported complex
measures with lim A2 (11o) = A% (1) ultraweakly.
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‘We obtain a converse to Lemma 5.

Corollary 8. Let G be a locally compact group, 1 < p < oo and T € L(L?(G)).

Suppose that - o
Z(T[rpk L o) = 3 (TTepki). [ 13])

n=1
o0

for every ((kn),(ln)), ((k,;), (1,;)) e A, (G) with Z xl, = Kk I} Then
n=1 n=1

T € PM,(G).

Proof. Letu € A,(G). We set

o]

F(u) = Z<T[Tpkn]’ [Tp’ln]>

n=1

for every ((k ), (I )) € A,(G) withu = Zk *l Clearly F € A,(G)'. Theorem

6 implies the existence of S € PM,(G) w1th

F@ ) = (S[p0l. [r¥1)

for every ¢ € £7(G) and every ¥ € L7 (G). Then S = T

Definition 4. Let G be a locally compact group and 1 < p < oo. Forevery T €
PM,(G)andu € A,(G) we put:

(1, T) = W2(T)(u).

Ap.PM,,

Remark. Clearly <, >4,.PM, is a sesquilinear form on 4,(G) x PM ,(G).

4.2 Applications to Abelian Groups

We show that CV,(G) = PM,(G) for G abelian, without using the approximation
theorem of Sect. 2.3.

Theorem 1. Let G be a locally compact abelian group. Then CV,(G) = PM»(G)

and we have
-1 =
(. T) s, o, = <q)é (w), T>

for every T € CV,(G) and for every u € A(G).

Proof. To prove that T € PM,(G) it will be enough (see Corollary 8 Sect.4.1) to
verify the equality
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o0

> (Tik). 1) = (@5 @. 7)

n=1

o0
for every ((k,,), (ln)) with u = ZE,, % 1.
n=1
We put r, = F(k,) and s, = F(l,). By Remark (1) of Theorem 1 of Sect. 1.3
we have, for N € N, we have

N — N
> (T 1) = <ans;, T>,
n=1 n=1

but by Lemma 1 of Sect. 3.2 we have

lim

N
27115\;1 - (I)gl(u) =0
n=1 1

and therefore

S (T ) = (251, 7).

n=1

So T € PM,(G). But then by the definitions of Sect. 4.1

(ue T)AZ,PMZ = <q)51(’4), ?>,

which ends the proof of the theorem.

Definition 1. Let G be alocally compact abelian group. For every ¢ € L°°(6) and
every f € L'(G) we set

Os(@)(f) = (/o)

The map ® is a conjugate linear isometry of Loo(a) onto L' (6)’. Let '@ be
the transposed of the map ® 4. Then

-1 —1 2

Indeed, for / € L'(G) and ¢ € L®(G) we put u = Qs(f)and T = Ag(p) in
the formula of Theorem 1, we get

(£:0) = (@ () Ag@) 1, sy = YEN @)@ (1) =@ (WG (A 9)) (/)

and thus
‘0 (Vi (Ag9) = O4(9).
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The following result completes Theorem 2 of Sect. 1.3.

Corollary 3. Let G be a locally compact abelian group. Then A 4 is a homeomor-
phism of L°°(G), with the topology o(L®, L"), onto CV,(G) with the ultraweak
topology.

Corollary 4. Let G be a locally compact abelian group and u € £°°(G). Then
there is a net (vy) of trigonometric polynorms such that:

L. [valloo < llulloo for every a,
2. limvy = u for the topology o (L>, L').
o

Corollary 5. Let G be an infinite locally compact abelian group. Then

CV2(G) # A5(M'(G)).

Proof Suppose that CV»(G) = A%(M'(G)). For f € L' (G) consider ¢(f) =
foeG Then ¢ is a linear continuous map of L' (G) into CO(G) with [le()]l. <
[|.£[I1- We show that ¢ is a surjective map of Co(G)" onto LY(G).

Let F € L'(G)'. Then @GI(F) € L®(G) and A (@GI(F)) € CV,(G). There
is u € MY (G) with AG(®_1(F)) = AZ(w). Consequently O_I(F) = ().
Then (“g)(7t) = F.The map’¢ is injective: letindeed v € M! (G) with (“¢)(v)=0.
Forevery f € EI(G) we have

v(Foeq) = / FOOPCOdx =0

thus U = 0 and consequently v = 0. N
From 3 Lemma of VI.6. (p.488) of [38] it follows that ¢(L'(G)) = Co(G).
According [105] Theorem 5.4.5, p. 161 the group G is finite.

Remark. 1. One can show that for every 1| < p < oo and for every infinite
locally compact abelian group G one has CV ,(G) # CV,(G) (see Larsen [73],
Theorem 4.5.2., p. 110.)

2. Using the results of this book, the following generalization of Corollary 5 can be
easily obtained: if a locally compact group G admits an infinite abelian subgroup
then CV»(G) # A% (M'(G)).

Theorem 6. Let V be a Banach space and w a linear functional of V'. Then the
following statements are equivalent:

1. Thereisv € V withw(F) = F(v) forevery F € V',
2. For every net (F;) of V' and F € V' withlim F; = F foro(V',V) and || F;| <
C for C > 0 we have limw(F;) = o(F).

Proof. See 6 Theorem of Chap. V.5., p. 428 of [38].
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Theorem 7. Let G be a locally compact abelian group and 1 < p < oo. Then

1. We have A>(G) C A,(G), and ||ull4, < |[ull 4, for every u € A>(G).
2. ForT € PM,(G) and u € A>(G) we also have

{u. T)Ap.PMp = (u. “P(T))Az.PMz'

Proof. Letu € A>(G). Thereis (Sect. 3.2, Theorem 2) k, [ € £>(G) with u = kil
and ||ull4, = Na(k)N2(l). Forevery F € A,(G)’ we set

o(F) = (o, (W) () 8. 1),

Let (F;) be anetof A,(G), F € A,(G) and K > 0 such that lim F; = F for the
topology U(A/p, Ap) and with || F; ||A’p < K forall i. Then

llcee)™"Fl, < K
for every i, and

lim(Wg) ™ (F) = (¥5) ™' (F)

for the ultraweak operator topology on CV ,(G).
In particular if 7, s € MG (G) we have

tim ((W5)~" (F)Ir. [s]) = ()~ (F)1r).[5])-

From [r] € L?>(G)NLP(G) we geta,(S)[r] = S[r] for S € PM ,(G) and therefore

im (o, (0810 1. 151) = (o (90 ) . 1)

Moreover we have

s (vt r0), = ¢

for every i € I. By the second remark to Definition 1 of Sect. 4.1 this implies that
lima, (W5)7"(F) = o, (W57 (F))
for the ultraweak operator topology on PM(G). In particular
i (o, (000 ) 6. 1) = (e (o)™ ) . 1)

and therefore lim w(F;) = w(F). According to Theorem 6, thereisa v € A4,(G)
with w(F) = F(v) forevery F € A[,(G)/.
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For F = WZ(T) with T € PM ,(G) we hence obtain

WA(T)(v) = w(llfg(T)) — <a,,(T)[1€], [1]) = W2 (o, (7)) (& # 1),
and in particular for © € M'(G):

WE(AL () (v) = W2 (e, (AL () (k % 1) = W (0, (AL () ().

From a, (A% (1)) = A% (n) and WG (Ao (w)) = i we deduce fi(v) = ji(u) and
therefore u = v.
This implies u € A,(G) and

(ue T)Ap,PMp = (@ (T)) 4, -
Consequently
lulla, < llulla,-

Remarks. 1. Foru € A»(G)and T € PM ,(G) we have

(0.T), o, = @G(?)(cbgl(u)).

2. Clearly the map o), is the adjoint of the inclusion of 4>(G) in 4,(G).
3. We will generalize this theorem to the class of amenable groups in Sect. 8.3.

4.3 Holomorphic Functions Operating on 4 ,(G)

In analogy with the case of the Fourier algebra of a locally compact abelian group
([105] Chap. 6), we investigate whether in the case of an arbitrary locally compact
group G the composed Fou of u € A,(G) and the holomorphic function F € cY
still belongs to A4,(G).

Observe at first that for G a locally compact group, 1 < p < 0o, a € G and
u € Ay(G) wehave u,u, € Ap(G)and ||ulla, = lualla, = llulla,-

Lemma 1. Let G be a locally compact group, 1 < p < coandu € A,(G). Then
X =y u Ap(G) and x — u, are continuous maps of G into A,(G).

Proof. We check only the first statement.

o0
Lete > Oand xp € G, and let u = ZE,, * ZV,, with ((k,,), (ln)) € A,(G).

n=1

Choose M € N such that

> &
> Npkn)Ny(ly) < n
n=M+1
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There is an open neighborhood U of x( with

&
M (14 Ny (1))

N xkn X kn
P( X0 )<2

forx eUandl <n <M.
For every x € U we then have

)
[|.cu X0 u”Ap = Z Np(xkn _XOkn)Np’(ln)

n=1

oo
e
<5+2 > Npka) Ny (ly)
n=M+1
and consequently |[xu —y, ull4, <.

Theorem 2. Let G be a locally compact group, 1 < p < oo, u € A,(G),a € G
and & > 0. Suppose that u(a) = 0. Then there is v € A,(G) N Coo(G), vanishing
on a neighborhood of a, and such that ||u — v| 4, < e.

Proof. According to Corollary 7 of Sect. 3.1 there isw € 4,(G) N Cyo(G) with

e
u—wlla, < 2

By Lemma 1 above e admits an open relatively compact neighborhood V' such that
for every x € V we have

e
[w—wlla, < 2

For y € aV we have therefore
W) = lu(@) —w(aa™"y)| = |u(@) = w1, (@)] < llu —wy-1, 4, < 2¢/6.

Choose a compact set K C V such that m(K) > m(V')/2, and put

1 . .
k=—2 I =wly, v=wsk—1xk.
m(K)

Then v € 4,(G) N Coo(G) and
lu—vlla, <llu—=wlla, +[lw—wxklla, + I *kla,

& v v
< g+||w—w*k||Ap + Il *klla,-
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To estimate ||w — w * l€||Ap, observe that for every T € PM ,(G)
(w—wxk, T)A,,,PM,, = /k(y)(w — Wy, T)AP,PMpdy’
G

Theorem 6 of Sect. 4.1 implies then

. £
[w—wxkla, <—.

6
From 1 5
Ny (k) = (K)T7 < (VY177
and
1/p
Vo = | [ weolrax | < Smorye
v
we obtain )
. £
15 Kl < NNy () < 5
and finally
I I < e n e n 2¢e
—v -4+ -+ — ==
VM S e T e T3

Observe finally that v vanishes on a W, where W is an open neighborhood of e such
that WK C V.

Remark. For p = 2 this result is due to Eymard ([41] (4.11) Corollaire 2, p. 229).
For p arbitrary the result is due to Herz ([61], Theorem B, p. 91).

Proposition 3. Let G be a locally compact group, 1 < p < oo, u € A,(G),a € G,
U a neighborhood of a, @ > 1 and ¢ > 0. Then there is v € A,(G) N Coo(G) and
V neighborhood of a such that:

.0 <v(x) <1jforeveryx € G,
.v(ix)=1lonV,

IVl <

. suppv C U,

Nuy —u(a)vlia, <e.

O T S R S

Proof. Without loss of generality we can assume thata = e.
First suppose that u(e) = 0. By Theorem 2, thereis v € A,(G) N Cyo(G) and an
open set U; neighborhood of e with v(y) = 0 on U; and

lu—via, < =
u—v —.
Ap o



4.3 Holomorphic Functions Operating on 4 ,(G) 59

There are W, K compact neighborhoods of e with K = K~! and WK?> Cc U, N U.
Let W’ be a compact neighborhood of ¢ with W/ K C U, where U, is an open
subset of G such that K C U, and such that m(U,) < a?m(K). We put finally

N lVK*lK
~ m(K)
where V. = WNW’. Wehave 0 < w(x) < I,w(x) = lonV,vw = 0,suppw C U,

[wlla, <a and [uw|a, = [[(u—v)wll4, <e.

Suppose that u(e) # 0.
Thereis v € A,(G) N Coo(G) with

e
lu—vlla, < i where 0 < &; < min {e, 3a|u(e)|}.

Then supp v is a compact neighborhood of e. Let vi € A,(G) N Cyo(G) with 0 <
vi(x) < 1forevery x € G and v;(x) = 1 on suppv. We have

wi —v(e)vi € A,(G) and (vv; —v(e)vi)(e) = 0.

By the first part of the proof there is w € 4,(G) N Cyo(G) and V' a neighborhood
of e with 0 < w(x) < 1 forevery x € G, w(x) = lonV, [[w|la, < o, suppw C
suppv N U and

&
lovi = vieyiwla, < 5.

We get therefore

2¢e
uw —u(e)wlla, < [lwv —v(e)w|a, + 5

but taking into account w = v;w, we conclude that
uw —u(e)w|la, <e.

Remark. For G abelian and p = 2 see [105], Proposition 5.2.6, p. 158.

Lemma 4. Let G be a locally compact group, 1 < p < oo, u € A,(G), a € G and
F € CY holomorphic on U, open neighborhood of u(a) in C. There is w € A,(G)
with F(u(x)) = w(x) on a neighborhood of a.

Proof. Thereis & > 0 and (c,)32, a sequence of C such that:

1. z € U forevery z € C with |z — u(a)| < &,
2. For every z € C with |z — u(a)| < & we have

F(2) = Fu(@) + ) _ ez —u(@))".

n=1
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By Proposition 3 there is v € A4,(G) N Coo(G) and V' neighborhood of a with
v=1lonV and [uv —u(e)v| 4, < e. This implies for x € V

F(u(x)) = F(u(@)) + Y _ ca(u(x) — u(a))"

n=l1

and the existence of w € 4,(G) with

nll)ngo ”w — { F(u(a))v + Z e (uv — u(a)v)k} =0.
k=1

A[’
Consequently for every x € V' we have w(x) = F(u(x)).

Theorem 5. Let G be a locally compact group, 1 < p < oo, u € A,(G),
K a compact subset of G and F € CY a holomorphic function on an open U
neighborhood of u(K) in C. There is v € A,(G) with F(u(x)) = v(x) for every
x e K.

Proof. By Lemma 4 for every x € K there is V) neighborhood of x and v(,) €
A,(G) such that for every x” € V,) we have u(x") € U and F(u(x')) = v (x').
For every x € K there is W(,), compact neighborhood of x with W{,) C V() and
W) € Ap(G)NCyo(G) with 0 < wyy(y) < 1fory € G, w() equalto 1 on W(,) and
with suppw(y) C V(x). There is also xi,...,xy € K such that K C U;V=1 Wixj)-
Then we put:

Vi = Vi), Wi = W) for 1 <j <N,

j—1
hiy=wi, hj =w; H(lg—w,) forevery2 < j <N,

r=1

N
w = E thj.
Jj=1

Then h; € A,(G) and consequently w € A,(G). For every x € K we have

N
Zh_/ (x)=1 and h;(x)v;(x) =h;(x)F(u(x)) forevery 1<j <N.
j=I

We finally obtain w(x) = F(u(x)) forevery x € K.

Remarks. 1. For G = R, p = 2 and compact intervals see Carleman [14], Chap. IV,
p. 67.

2. For G alocally compact abelian group and p = 2 see Reiter and Stegeman [105],
Chap. 6, Theorem 6.1.1, p. 169.

The following corollary will be used in Sect. 6.2.
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Corollary 6. Let G be a locally compact group, 1 < p < oo, u € A,(G) and
K a compact subset of G. Suppose that u(x) # 0 for every x € K. Then there is

1
v € A,(G) such that v(x) = —— for every x € K.
u(x)

Remarks. 1. It follows that A,(G) is a normed standard algebra in Reiter’s sense
([105], Definition 2.2.5, p. 29).

2. As a consequence of 1) we obtain ([105] Proposition 2.1.14 p. 28) the fol-
lowing result: let / be an arbitrary ideal in A,(G), then I contains every
u € A,(G) N Cy(G) such that suppu N cospl = @.

Corollary 7. Let G be a compact group, 1 < p < oo, u € A,(G) and F € CY
a holomorphic function on an open neighborhood U of u(G) in C. Then F ou €
4,(G).

Remark. For p = 2 see Hewitt and Ross [67] (39.31) Theorem.

Theorem 8. Let G be a locally compact non-compact group, 1| < p < 0o, u €
Ap,(G)and F € CY, a holomorphic function on an open neighborhood U of u(G)
in C. Suppose that 0 € U and that F(0) = 0. Then Fou belongs to A,(G).

Proof. Thereis ¢ > 0 and (c,)52, a sequence of C such that:

1. z € U forevery z € C with |z] < ¢,
2. for every z € C with |z| < & we have

o0
F(z) = chz”.
n=1

Thereis v € A,(G) N Coo(G; C) with |[u—v|l4,G) < & Thereis by € A»(G) such
that

fi I~ L, =o.

This implies by = Fo(u —v).Let ¢ € A,(G) N Coo(G) with ¢ = 1 on suppv. By
Theorem 5 there is b1 € A,(G) with b1 (x) = F(u(x)) for every x € supp ¢. Then
Fou= bo—(pbo +(pb1.

Lemma 9. Let G be a locally compact group, 1 < p <o00,a € G,u e A,(G), U
an open neighborhood of u(a) in C and (f,) a sequence of holomorphic functions
on U. Suppose that ( f,) converges uniformly to 0 on every compact subset of U.
Then there is an open neighborhood V of a and a sequence (w,) of Ap(G) such
that:

1. w,(x) € U forevery x € V and for everyn € N,
2. fu(u(x)) = w,(x) for every x € V and for everyn € N,
3. lim [wy[l4, = 0.
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Proof. Let 0 < p < oo such that for every z € C with

lz—u@)| <p

we have z € U. Let also 0 < r < p. By Proposition 3 there is v € A,(G) N
Coo(G; R) and V neighborhood of @ with v(x) = 1 on V and

luv —u(a)vlla, <r.

For every x € V and every k € N we have therefore

(o) (n) u
B D) ) — utay

Sew(x) ="

n=0

For every k € N there is wy € 4,(G) with

£ (u(a))

Wi — { Selw@)v+ ‘T(uv - u(a)v)f} = 0.
j=1 '

lim
n—oo
AP

Then for every x € V we have wy (x) = fi (u(x)). But

wils, < max (L@ € .|~ uta)| = p}(uvuA,, +2 (%) )

n=1

and therefore
,
wils, < max {|4(@)e € . le — i@ = pf IV, + = )

Theorem 10. Let G be a locally compact group, 1 < p < oo, K a compact subset
of G, u € Ap(G), U an open neighborhood of u(K) in C and ( f,) a sequence of
holomorphic functions on U. Suppose that ( f,) converges uniformly to 0 on every
compact subset of U. Then there is a sequence (a,) of A,(G) with f,(u(x)) =
ay(x) for every x € K and with lim [|a, |4, = 0.

Proof. By Lemma 9 for every x € K there is V(y), open neighborhood of x, and
(v,(f)) a sequence of A,(G) such that:

1. vf,x)(x/) € U forevery x’ € V) and forevery n € N,

2. fuu(x") = v,(,x)(x’) for every x” € V() and for every n € N,
: (x) _

3. lim|[jvy '[l4, = 0.

For x € K let W(y) be a compact neighborhood of x with W(,) C V(1) and w(y) €
Ap(G) N Coo(G: R) such that 0 < w(,(y) < 1 forevery y € G, wy = 1 on Wy
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and such that suppw(,) C V(). There is finally N € N and x1,...,xy € K such

that K C W) U ... U Wy We put: w; = w,; and W= for1 < j < N
j—1

andn € N. We alsoput iy = wyand h; = w; H(lc —w;)for2 < j < N.For

r=1
every x € K we have

N
Y ohjx) =1 and h;Y (x) = h;(x) fu(u(x)) foreveryl < j <N
j=1

N
and forevery n € N. Then forevery x € K a,(x) = f,(u(x)) witha, = Z th}(,lj)
j=1
forevery n € N. Clearly lim [|a, |4, = 0.
Corollary 11. Let G be a compact group, 1 < p < oo, u € A,(G), U an open
neighborhood of u(G) in C and (f,) a sequence of holomorphic functions on U.
Suppose that ( f,,) converges uniformly to 0 on every compact subset of U. According
to Corollary 7 f,ou € A,(G) for everyn € N. We have lim || f,oul| 4, = 0.

Remark. For p =2 and G = T see Zygmund [121], Vol. I, Chap. VI, p. 246 (5.7)
Theorem.

Theorem 12. Let G be a locally compact non-compact group, 1 < p < 0o, u €
A,(G) and (f,) a sequence of holomorphic functions on an open neighborhood U
ofu(G) in C. Suppose that 0 € U, f,(0) = 0foreveryn € N and that the sequence
(f) converges uniformly to 0 on every compact subset of U. According to Theorem
8 fuou belongs to A,(G) for every n € N. We have lim || f,oul| 4, = 0.

Proof. Let 0 < p < oo such that for every z € C with |z] < p we have z € U.
Choose 0 < r < p. Thereis v € A,(G) N Cyo(G) with

lu—vlla, <r.

For every k € N there is by € A,(G) with

=0.
4p

n ()
im =30 2Py

n—>00 J!

=1

For every x € G we have by (x) = f; (u(x) —v(x)). But

r
p—r

and therefore lim|[|bx|4, = 0. As in the proof of Theorem 8, choose ¢ €
Ap(G) N Coo(G: R) with ¢(x) = 1 for every x € suppv. By Theorem 10 there

IbclLa, < max {1 /e[ I2] = p}(
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is a sequence (cx) of A,(G) with ¢k (x) = fi(u(x)) for every x € supp ¢ and such
that lim [[ck |4, = O. Let finally dy = by — @by + @cy for every k € N. We have
dr € Ap(G), di(x) = fi(u(x)) forevery x € G and lim ||di| 4, = 0.

Corollary 13. Let G be a locally compact group, 1 < p < oo andu € A,(G).
Then:

1. The sequence (||u” ”114/:) converges,
2. lim [l {" = max{|u(x)||x = G}.
n—>00 P

Proof. Proposition 1 of [8] (Chap.1, Sect.2, no. 3, p. 15) implies 1. Foreveryn € N
we have

max {|Mn(x)||x € G} = max{lu(x)llx € G}’l

and therefore
lim [ {" > max{|u(x)||x c G}.
n—>00 P

Now let R € R with
R > max{|u(x)||x € G}.

7

Forn € N and z € C with |z| < R define f,(z) = T We have

lim ||f,,ou||Ap =0
and therefore

lim [u"]|'/" < R.

n—o0o p

Remarks. 1. This proof is directly inspired from Zygmund ([121], Vol. I, Chap. VI
(5.8) Theorem, p.246).
2. For p = 2 and G abelian see Hewitt and Ross ([67], Chap. X, Sect. 39, p.519).



Chapter 5
CV,(G) as aModule on 4 ,(G)

By the map (f,g) — f * g, L™(G) is a left module on L'(G). Similarly for
u € Ay(G) and T € CV,(G) we define a convolution operator u7. With the
map (u,T) +— uT CV,(G) is a left module on A,(G). For f € L'(G) and
g € L*°(G) the function f * g is more regular than the function g. Similarly the
convolution operator 7" is a smoothing of the convolution operator 7'. In particular
uT € PM,(G). For G amenable we obtain a generalization of the approximation
theorem for CV ,(G).

5.1 The Convolution Operator (k I )T

Lemma 1. Let G be a locally compact group, 1 < p < oo, ¢ € M(G) and
k € LP(G). Then the map G — LP(G), t — ,—1(k)¢ is continuous, and we have

1/p

[ Moyt | = Ny @0N o).
G

Lemma 2. Let G be a locally compact group, 1 < p < oo, k € LP(G), ] €
LY (G), p. ¥ € MEG(G) and T € CV ,(G). Then the function

F:G—C.t > (T[ Kl [~ (D)

belongs 1o Le(G) N C(G), and N\(F) < |T|l, Np(k)Ny ()N (@) N ().

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 65
Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_5,
© Springer-Verlag Berlin Heidelberg 2011
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Proof. By Lemma 1 F is clearly continuous, and

[1Fwla <171, [ 5, Eo)n( ()
G G

1/p 1/p
<l (/ Np(,l(lé)w)”d;) ([ Np,(l_l(i)w)l’ dz)

G
=Tl NpGINy (DN (@)Ny ().

Proposition 3. Let G be a locally compact group, 1 < p < oo, k € LP(G),
l € £V (G)and T e CV ,(G). There is an unique bounded operator U of L¥(G)
such that

(v 191) = [ {TL- @l D
G

forevery ¢, € MG (G). The operator U is a p-convolution operator and
WUll, <WTN, Np(k)Np (D).

Proof. We verify only that U is a p-convolution operator. Let ¢, ¥y € M5 (G) and
a € G.Fort € G we have

(T @ ][ - Dv]) = _(T[~®u0]). o ([ D¥]))
= (T[] [ (2 D) o ¥]) = (T a1 BV [y (D o9

and therefore

(Uale) 1) = [{TLan1 ®)): [y (D) o))t

Oo— O—

(T~ ©e].[ D) v ])ar

—_—

Ulel. o 191) = (o (U(le). v

Definition 1. The convolution operator U of Proposition 3 is denoted (E ) )T.
Proposition 4. Let G be a locally compact group and 1 < p < oo. Then:

1. (m* Z)T — k+DT + & DT,

2. (E (I + l’)V)T =&+ DT + &+ )T,
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3. ((ak) x Z)T - a((E* i)T) - ((E* (&l)“)T — (k * ) @T),
4. kxS +T) = (kxS + (k * DT for k.k' € L£P(G), I,I' € L7 (G),
S, T € CV,(G)anda € C.

For T = A7, (1) the convolution operator (k [ )T has a very concrete description.

Proposition 5. Let G be a locally compact group, 1 < p < oo, u € M'(G)
k € £P(G)and | € L7 (G). We have (k * )AL (1) = AL, ((E % i)p).

Proof. Tt suffices to show that for k, [, ¢, ¥ € Cyo(G)
<(<E * DAG(W)lel, m} - <A‘G’ (GunIG! [w).
We have

<((E # DAL (W) le), [w1> = [ (oL@l [ dpar
G

Fort € G, Proposition 2 of Sect. 4.1, implies

([ ©e] [ DY]) = (5@ * @s@)))

where r(t) = ;-1 (1€)<p and s(t) = ,—1([)1//. Consequently
(@ <Dz o)l 1) = [ (7 eorio .
G

But

/ M(fpfS(t) ‘ (rpr(t)r)dz ~[([ws@+ (w(r)ﬂx)dr)du(x)
G G G

with (Lemma 3 of Sect. 3.3)

[ T30 * (Lr () 0)dt = T k@5 Golel. [])

G

and therefore

(D00 . 1) = (36 (& « ). 1),
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5.2 The Convolution Operator uT

Lemma 1. Let G be a locally compact group, 1 < p < oo, T € CV,(G), k €
LP(G), ] € cr (G)anda, ¢,y € MG(G). Then

((@<Derap@ o ) = (r[aad” ] e+ 1 1)
where ,
r(0) = A7 (A5 0. [ol).
Proof. We have

(@ Derag@n)iol. 1) = [([- o)« (8L o). [ drvar

G

_ /(T[A‘G/P o). [ )] * [ - (Dy])ar

G

and
()" % D)) = A ™7 (38 GO -] [ - Be]).
To finish the proof it suffices to verify that
/ (GEH Fl(i)l//)(x)dz = (k *1)(x)r ().
G

LemmaZ Let G be a locally compact group, 1 < p < oo, k € LP(G), ] €
LY (G), T € CV 2(G), ¢ € Coo(G), and y € MG (G). Then for every o € Coo(G),

with o = Oand/a(y)dy = 1, we have
G

<TH, Ny (WINy (1)

‘<(<k # )(TAG @) lo] wf]> —<((E* DT )lg). w,]>
y€Esuppa yEsuppa

X{Np(w) sup Mok = k) + Ny sup Np(w—wy—lAG(y*)””)}.

Proof. By Lemma 2 of Sect.5.1 the functions ¢ +— (T[,—l (l€)<p] [,—1 (ZV)W]> and

> <(ng($))[,_l(1€)¢], = (i)¢]> are in C(G) N £1(G). Let
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A ={(®« Drag@)ieh 1) - (&« 7)ol 1)

then

A= [<T([tl(1€)¢] #[Ad" @] = [ (K)e]). [ (i)w]>dt.
G
Using Lemma 1 of Sect. 5.1 we get
AL <ITH, Ny )Ny (1) 1

where
* 5 ) 5 , 1/p
I = (/N,,((,_1 K)p) * (AY o) — ,—1(k)(p) d:) .
G

We have
I < Npy(Ad1) + Np(Lo)

where forevery t € G

*

Ai(r) = /a(y)NP((t_](];)(p)y_lAG(y_l)l/p — (1), w)y—lAa(y“)””)dy
G
and where

*

a0 = [ @0IN, (10 91860707 = - Ere)dy.
G

To conclude it suffices to check, again by Lemma 1 of Sect. 5.1, that

Np(A1) < Np(p) sup Ny(k — —1k)

YyEsupp o

and
Np(As) < Np(k) sup Np(wy_lAG(y_l)l/p_(p)

YyEsupp a

Lemma 3. Let G be a locally compact group, 1 < p < oo, k,¢ € LP(G),
[,y € LV (G) and T € CV ,(G). Then

(@ D)0 1r91) = { (2 7 15,41 1),
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Proof. Letk,@,l,y,a € MG (G). By Lemma 1 we have

(@ 2@ eyl oy v1) = ([anl)” ][5 T

LL(G).LE(G)

and

(@ 2@ )sgkd. 51 = (r[adll” ] [2577 5 < i «1]),
This implies

(D ag @) sy 5 91) = (@ » DTG @) 541 1),

Choosing « like in Lemma 2 and taking its support arbitrary small we conclude.

Lemma 4. Let G be a locally compact group, 1 < p < 00, <(kn), (ln)) e A,(G)
and T € CV ,(G). Then the sequence

N —_— v
(Z(k,, * 1,1)T)
n=1
converges in L(L?(G)) for the operator norm. Let S be the unique element of
L(L?(G)) with

=0.
p

N
S = (kn % 1)T

n=1

lim
N+—o0

Then S € CV,(G) and

o0
ISH, < UTH, Y Npkn) Ny (1).

n=1

Proof. Let1 < M < N.We have

N
<ITH, > Nptka)Ny ().

P n=1+M

N M
> kn # )T = (k% 1)T
n=1 n=1

Consequently there is an unique S € L(L?(G)) with

N
S =Y (ky*L)T|| =0.

n=1

lim
N—>oo
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We have S € CV,(G), and forevery N € N

F 0T, Y Nptka) Ny ().

P n=1

N v
S =D (ky*1)T

n=1

Ish, <

o0
Definition 1. The operator S of Lemma 4 is denoted Z(En * lv,,)T.

n=1
Lemma 5. Let G be a locally compact group, 1 < p < oo and ((kn), (l,,)),
o0 o0
(ki) 1)) € Ap(G) with Y ey %1 = YK # 1) Then for every T € CV,(G)
n=1

n=1
we have

oo 5 00 5
S kx0T = (ky * )T
n=1 n=1

Proof. Let ¢,y € Coo(G). It suffices to verify that

<(Z(E* zz)T) [e]. wf1> = <(Z(k_,z * lZ)T) [¢], [w1>.
n=1

n=1

Let & > 0. Thereis N € N with

[e.]

&
N,(k,)N, (I,
ngrw ol )<6(1+|||T|||p)(1+Np(<ﬂ))(1+Np/(W))

and

> &
N, (K" YN, (I’ .
,,ZZHN PNy ) < ST )+ N, @) (1 + Ny ()

There is also U open neighborhood of e such that for every y € U and for every
I<n<N

&

N, (ky — -1 ky R
pln =y k) < 12:27(1+ 171, ) (1 + Np(@) (1 4+ Ny (W) (1 + Ny (1))

N, (w — @y Ac(y_l)”")

&

S ITH,) (14 Ny ) (14 Ny (i) (14 Ny () (14 Ny (k) (1 + N (k7))
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and

&

Np(k:z —y~! k;) <

We choose « € Cyo(G) with o > 0, /oz(x)dx = 1l and suppo C U. Lemma 3

G
implies
K(Z(k *1)T)lo], w1> <(Z<kf *1)T)lgl, [w1>‘
n=1 n=1
et |3 <((Eﬂ * [)(TAG @) lo. [¢]> -y <((E * 11)(TA5@) )] [w1>‘.
n=1 n=I1

o0
Now let u = Z%n * l:,. Using Lemma 1 we get

n=1

> <((En # 1) (T25 @) lel. wr]> = <T[(mgp/], (67" 57 (WWD
n=1
and finally

K(g@n * lvn)T)W]a W]> - <(§:(Pn * lv/n)T) [e]. [W]> <e

n=1

We now show that the convolution operator (¢ * &)T is more regular than 7.
In fact this operator can be considered as a noncommutative smoothing of the
operator 7.

Theorem 6. Let G be a locally compact group, 1 < p < oo, ¢ € LP(G), ¢ €
LY (G)and T € CV ,(G). Then:

1. (@ *9)T € PM,(G),
2. foreveryu € A,(G) we have

= 3 {(@ # 0r7) ekl )

n=1

(w.@xT),

p-PMp

for every ((kn), (ln)) € A,(G) withu = ZE,, * 1.

n=1
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Proof. To prove (1) it suffices (see Corollary 8 of Sect. 4.1) to verify that

oo

S (@ 0rr) ekl birtl) = 3 (@ 007k )

n=1 n=1

o0

for (). (). (K1), (11)) € A, (G) with ZE i

=\|
..\<

Lemma 3 implies

> (@ 97kl b)) = i(((/«_ﬂ <75y 5 01)

n=1

But by Lemma 5

§<((E* T )lep01. [ 1) = i:<((k’ 7)o, 50
consequently

2<((¢ * @)T)[r,,kn], [r,,fl,,]> = i<((¢ % &)T)[fpk;], [rp/l,;]>.

The point (2) follows from Definition 4 of Sect. 4.1.

Definition 2. Let G be a locally compact group and 1 < p < oo. Foru € 4,(G)
and T € CV,(G) we put

o0
ul =Y (ky+ )T

n=1

where ((kn), (z,,)) € A,(G) with u = fa 1,
n=1

Remark. It follows from Lemma 4 that u7 € CV,(G) and that [[uT|, <
WM, Hleell 4, -

We can generalize Theorem 6.

Theorem 7. Let G be a locally compact group, 1 < p < oo and T € CV,(G).
Then:

1. uT € PM,(G) for everyu € A,(G),
2. foreveryu,v € A,(G) we have

<”’VT)A,,,PMp = (v.uT), pPM,
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Proof. Let ((k,,), (ln)) € A,(G) withu = ZE xl,. By Lemma 4 and Theorem 6
n=1

we have uT € PM,(G). It remains to prove (2).

o0
Let ((r,,), (s,,)) € A,(G) withv = Z?n * §,. We have

n=1

(v.uT), by = lim Z( k1 )T>

j=l r

But forevery j € N

s+ lp7), = > <((E, * [T ) eyl [r,,/sm]>,

by Lemma 3

(w07, = 3 (e 5Tk )
pPMp S

oo
Z,;(Ej *ij,(7m*§m)T>A

and consequently

= <kj * lj,vT>
pPMp Ap.PM,

(v, uT) = (u, vT)

Ap.PM,, Ap.PM,"

Corollary 8. Let G be a locally compact group, 1 < p < oo and T € PM,(G).
Then for u,v € A,(G) we have

(u, vT) = (uv, T)

Ap.PM,, ApPM,°

Proof. Fork,l,r,s € Cyo(G) we have

<E w7 % S, T>A,,.PMP = /(Wh x (sly) T>Ap,PMpdh

G

/< et (B)Tyr [,1—1(lv)rp/s]>dh :<((%*Z)T)[z,,r],[z,,,s]>

Tl (kxl

|
—_—
~

>AP,PM,,'
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We then put for every u € 4,(G)

Fu) = (uk D), T)

4,(G).PM,(G)
Then F € A,(G)'. There is therefore an unique S € PM ,(G) with

F(u) = (u,S)

Ap.PM,"

In particular for every r, s € Cyo(G)

F(F*i)z(?*f,S) :<F*§E*IV,T)

Ap.PM, Ay PM,

This implies

k+)T =S and (u (k * i)T>Ap,pMp - (u(E* ), T}AP’PM!].

= (uv, T) to define vT

Remark. Many authors use the relation (u vT) A M
ptMp

for T € PM,(G).

Ap.PM,,

5.3 CV,(G) as aModule on 4 ,(G)

Lemma 1. Let G be a locally compact group, 1 < p < oo, u € A,(G), ¢, ¥ €
Coo(G) and & > 0. Then there is U open neighborhood of e in G such that

<e|Tl,

@D)gl. [¥1) — ((u(TAg @) )[e]. [¥]
(6t 1) - { (w2 @ o 1)

forevery T € CV,(G) and every a € Coo(G) with a > 0, /ot(x)dx = 1 and

G
suppa C U.

o0
Proof. Let ((k,,), (1,,)) € A,(G) with Y Kk, # I, = u. There is N' € N with
n=1

oo

&
E N,(k,)N, (I, .
n=1+N plen)Nprlln) < 41+ Np(@) (1 + Ny (1))
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It suffices (taking in account Lemma 2 of Sect. 5.2) to choose an open neighborhood
U of e in G such that:

&

N,(k, —,—1 k,
p( Y ) < 4.2”(1 + Np(qp))(l 4 Np,(w))(l + Np/(ln))

and

&
4-27(1+ Ny (¥)) (1 + Ny (L) (1 + Np(kn))

N, (fp - wy—lAG(y“)””) <

forevery y € U and forevery 1 <n < N.
Lemma 2. Let G be alocally compact group, 1 < p < oo, k,l,r,s,¢,¥ € Co(G)

and o € Cyo(G) witha > 0, [ot(x)dx = 1. Forevery T € CV ,(G) we then have
G

'{((7 <D = D@ ek 1) - (7 G D))l m}'

1/p
< |||T|||pNp’(l)Np'(w)Np'(S){Np(w)Np(r)(/a(y)Np(k —y k)”dy>

G

1/p
+Np(<p)Np<k>< / COIN, (r —, r)"dy)

G

1/p
+N, (k)N (r) ( / 2Ny (0 =) Ac;(y—l)l/P)”dy) § :

G

Proof. LetU = (k % [)(T AL (a*)) and
1= (%50 io1. 1) = (7 5)(F + 7))t ).

According to Proposition 4 of Sect. 5.1 we have

I = <(<7*5)(U - D7) )il wf1>

and therefore
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I= /<(U — (kD7) L_l (M) [Z_l(i)w]>dz.
G

For z,t € G we put

Mo = | a(y)Np((z—l(w) (-G = (/E)y))dy,

G

(.0 = [an, ((goy—l)(z—lmy—l —t () (- ) AG() 7 ) dy
G

and

w0 = [an, (z—1<f>([—1(1€))(wy—lAc(y)—”P - w))dy.

G

Using Lemma 1 of Sect. 5.1 we get

I <N, Ny (DN ()N (¥)

X {(//Al(t,z)f”dtdz)l/p + (//Az(l,z)pdtdz)l/p + (/[A3(t,z)pdtdz)l/p}

GXG GXG GXG
with
1/p 1/p
( /] Al(z,z)szdz) < N (N, (@) ( [ N, = k)f’dy) ,
GxG G
1/p 1/p
(//Az(t,z)pdtdz) < N,(k)N,(p) (/a(y)Np(r -y r)”dy)
GXG G
and
1/p 1/p
(//13(172)”dtdz) < N, (k)N (r) (/a(y)Np(fﬂy—lAa(y1)””—<ﬂ)pdy) :
GXG G

We need the following extension of Lemma 1 of Sect. 5.2.

Lemma 3. Let G be a locally compact group, 1 < p < oo, T € CV,(G), u €
Ap(G)and o, ¢,y € M3 (G). Then
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<(u(mé(a_*)))[¢], [w1> — (Tost” ). [u3"" 5@ + iy ).

o0
Proof. Let ((kn), (ln)) € A,(G) with ZE" * lvn = u. By Lemma 1 of Sect.5.2

n=1
we have

<(u(mé(a_*)))[¢1, [w1> = 3 (r[ead”] [Fo o hsg 5 )

= LL(G).LE ()

o
The uniform convergence of ZE * 1, » on G implies that

n=1
oo

3 <T[aA]G/p/}, [, *IVHAEI//}/W*(TP/(w))VD = <T[aA‘G/1”], [ 7, (rp,(l/f))“]>.

n=1

Theorem 4. Let G be a locally compact group and 1 < p < oo. Then for the
mapping (u, T) = uT, CV ,(G) is a left normed A ,(G)-module.

Proof. It remains to show that u(vT) = (uv)T foru,v € A,(G)and T € CV ,(G).
Clearly it suffices to verify that for k, [, r, s € Cyo(G) one has

Fx5)(EDT) = (Fa5kx0)T

Let ¢,y € Cp(G) and ¢ > 0. By Lemma 1 and 2 there is ¢ € Cpo(G) with
az&/a@ﬂy=L
G

K((r* SE = D)T)lgl [1/,]> _<((-* FE i)(mg(a—*)))[@], w/]> <¢
and
'<(<f (@< D(125@)) )il wf]> - <(<7 <+ D7) i [w1> <t
By Lemma 3
<((7*; E*i)(T)Lg(a_*)))[go], [¢1>Lé(6).%(6) _ <T[aA§ ] [rri el A;#W*(fp,w)v]>.
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Let
1= <((f #5) (& Z)(mg(ﬁ))))m, [w1>.

We have

1= /<((E*i)(T/\g(a_*)))L_l(f)go], [t_l(i)w])>dt

G

and taking account Lemma 1 of Sect. 5.2 we get

= <T[ozA};/”/], [k TG 5, () « (r,,/(,—l(f)wr]>dr
G

— <T[aA1G/"’], [E*ZAE‘/”’/T,,(FI(;)@ % (rp,(t_l(g)w)thD.

G

Lemma 3 of Sect. 3.3 implies
= <T[aALG/p/], [E < INZVVF % 5T, (rp,(w)V]>

thus

<(<f 5) (& » i)(mé(a_*))))m, wf1> =<((7 I+ i)(ﬂé(oe_*))) o], [w1>

and finally

‘(((7 #3Kk % DT )lg). wf]> - <(<7 ) (K Z>T))[¢], wf]>

Remarks. 1. The fact that CV ,(G) is an A,(G)-module is due to Herz (see [61],
p- 116). For the preceding approach see Derighetti [29], [30].
2. For G an abelian locally compact group, u € A>(G) and T € CV ,(G) we have

<Eé&.

WTY= @7 @) * T.

Consequently (u7)" is a smoothing of T in the usual sense.

We finally generalize Proposition 5 of Sect.5.1.
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Proposition 5. Let G be a locally compact group, 1 < p < oo, u € A,(G) and
p € MY(G). Then url (n) = AL (ap).

o0
Proof. Let ((k,,), (ln)> € A,(G) withu = ZE * 1. According to Proposition 5
n=1

of Sect. 5.1

o0

wdfi(w) = 3 (Ko %0 ) AL o) = iﬂg((ﬁ* L) = A Gp).
n=1

n=1

5.4 Approximation of 7 by (k * ) )T for an Amenable G

Lemma 1. Let G be a locally compact group, 1 < p < oo, k € LP(G) and
l € L7 (G) with / k(x)[(x)dx = 1. For T € CV,(G) and ¢,y € Coo(G) we

G
then have

K((? # )T )] [m} ~(Ttg) [m)\

ST, Np@Ny (WY Ny () sup  Np(,—1k —k) + Np(k) sup  Np (=1l —1)¢.
y&supp ¢ yEsupp ¥

Proof. First observe that

(ri1. 1) = [ {TE®L D)
G

and therefore

*

17l [ Ny Gro = k0 Ny (D)

G

‘((@ DT )il 1) = {7101 1) <

T, [ N (k0) Ny (i Dy = 1009 )ar

G

But

* * 1/p
/Np<k(t)<p)pdt = N,(k)"N,(9)". (/ Np,(,_l(i)w)dz) = Ny )N (D),
G G
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[ o100 —kr0) "t = [[1orN, (k=) ay
G G

and
- v 4 r4 r
[ W (=) = [0 Ny (1 -1) " a.
G G
Let G be an amenable locally compact group and 1 < p < oo. For K compact

subset of G and € > O there is f € Coo(G) with f = 0, / f(x)dx = 1and
G

Ni(,-1f = 1) <min%(§>”’<§)l”§

for every y € K (Sect. 1.1 of Chap.1). Letk = f/7 and [ = f'/7' then k > 0,
[ >0,Ny(k) = Np/(l):[ k()l(t)dt =1, N,(,-1k—k) < 8ande/(yfll—l) <

G
eforeveryy € K.

Theorem 2. Let G be an amenable locally compact group, 1| < p < oo and
I =

(K,e,k,1)|K isacompact subset of G,0 < & < 00,

k.l € Cop(G) with N,(k) = Ny(l) = /k(r)l(r)dr =1,k>0,1>0
G

Np(y—lk—k)<8 and Ny(,—1l=1)<e foreveryye K.

Then:

1. On I the relation K C K’ and ¢ > &' is a filtering partial order,

2. Forevery T € CV,(G) the net ((k * i)T)(K el converges ultraweakly to T .
EKLL)E

Proof. Forevery (K,e, k,l) € I and T € CV,(G) we have
aexbr| <y,

To prove (2) it suffices therefore to show that



82 5 CV,(G)asaModuleon 4,(G)

im (@07 )il 1) = {7101 1)

(K.ek.)el

for every ¢, ¥ € Cyo(G).
Lete > 0,7 € CV,(G), ¢, ¥ € Coo(G), Ko = suppe U supp ¥ and ko, lp €
C()()(G; [R) with (K(), N0, ko, l()) € [ where

&
S 200+ 0T+ Np@) (A + Ny ()

Mo

Then Lemma 1 implies that for (Ko, 1o, ko, lo) < (K, n,k,1)

< é.

‘(((E «DT)iel 1) - {Tiol. )

Corollary 3. Let G be an amenable locally compact group and 1 < p < oco. Then
CV,(G) = PM,(G).

Proof. Let T € CV,(G). By Theorem 6 of Sect.5.2 for k, ! € Coo(G) (k * lV)T €
PM ,(G), finally Theorem 2 permits to conclude.

Remark. In the notes to Chap.5 we give a list of nonamenable groups with
PM,(G) = CV,(G).

Theorem 4. Let G be an amenable locally compact group, 1 < p < oo and I as
in Theorem 2. Then for u € A,(G) the net ((k * i)u) converges to u in

(K.ek.)el
A,(G).
Proof. Let ¢ > 0. There is (r,), (s,) sequences of Cyo(G) with

o o
D N )Ny () < lullay) +e1 and Y Fpxs, =u
n=1 n=1

where 0 < g1 < min{1, ¢}. Thereis N € N with

> NNy (s) <

n=1+N

and ko, [y € C()()(G; [R) with

K £ kolo | €1
O’ —’ 07 0
4(1 4 Jlulla,)

where supp 7,7; U suppt,5; C Ko foreveryl < j < N.
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We claim that L
lu—k*lulla, <e

for every (K, n,k,l) € I with

e
Koy, ——. ko, lo | 2 (K.n.k,I)
( 4(1+ ||U||AP) )

where < is the partial order of Theorem 2.
According to Theorem 6 of Sect.4.1 it suffices to verify that for every 7 €
PM,(G) with ||T]], < 1

— v

(u—k*lu,T) <e.

Ap.PM,,

By Corollary 8 of Sect. 5.2

<%*lvu—u,T> =<u,(E*lv)T—T>

pPMp p.PMp

By Lemma 1 forevery 1 <n < N we have

< 8Np(rn)Np’(Sn)

ok Sy, (kx DT =T <
(r * 8y, (k x1) > 2(1+||u||A,,)

Ap.PM,
and therefore
N

n=1

(ﬁ*s},(z*i)T—T> <

&
Ap.PM, 2"

For every n € N

= 2Np(rn)Np’(Sn)

<ﬁ*s},(z*lv)T — T>A oy,

P

this implies

o0
Z <r_n*svn,(E*lv)T—T> <f
Ap.PM, 2
n=N+1
and finally
<u—E*lvu,T> <e.
Ap.PM,,

Remarks. 1. It follows that for an amenable G the Banach algebra A,(G) has an
approximate unit in the following sense: for every u € A,(G) and for every
e > 0 thereis v € A,(G) with [[v[|l4, < 1 and [lu — uv||4, < &. This result
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was first obtained by Leptin for p = 2 [76]. Leptin’s proof was based on the
following property: for every compact subset K of G and for every ¢ > 0O there
is a compact set U with mg(U) > 0 and mg(KU) < (1 + )mg(U). He also
proved that there is no hope to obtain such an approximate unit for non amenable
groups. See also Pier’s book ([100], p. 96).

2. The preceding theorem is directly inspired from the proof of Lemma 5 of [61],
p. 121.



Chapter 6
The Support of a Convolution Operator

We define the support of a convolution operator. Using this notion we obtain a full
generalization of Wiener’s theorem to arbitrary locally compact groups.

6.1 Definition of the Support of a Convolution Operator

Definition 1. Let G be alocally compact group, 1 < p < ooand 7T € CV,(G). We
call support of the convolution operator T, the set of all x € G such that for every
neighborhood U of e and for every neighborhood V of x there is ¢, ¥ € Cy(G)
with suppe C U suppy C V and (T[go], [w]) = 0. The support of T is denoted
supp T.

Remark. Clearly supp T is a closed subset of G.
Proposition 1. Let G be a locally compact group, 1 < p < oo and j € M'(G).
Then supp A¢; (1) = (supp )~

Proof. We show at first that (supp 1) ™! C supp AL (w). Let x € G \ supp A% ().
There is U, V open subsets of G, both relatively compact, with e € U x € V and
<AZ(M)[¢)], [gﬁ]) = 0 for every ¢,y € Cy(G) with suppe C U and suppyr C V.

Let f € Coo(G) with supp f C V, Z an open neighborhood of e in G with Z C U
and such that for every z € Z

&

(1 + ||M||M1(G))<Supyev—lu AG(Y)l/‘”)

|| (Tpf)z_lAG(Z_l) - Tpf“u <

A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 85
Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_6,
© Springer-Verlag Berlin Heidelberg 2011
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Now choose & € Cpo(G) with o = 0, suppa C Z and [a(y)dy = 1. From
G

AN <+ (AL @ f x@)| and (A f xa)) =0

we get [1(f) = 0 and therefore x~! ¢ (supp ).

We prove now that supp AL () C (suppp)~!. Let x € G \ (supp p1)~'. There
is W open neighborhood of x~! such that () = 0 for every ¢ € Coo(G)
with suppg C W. There is also U open neighborhood of ¢ in G and V' open
neighborhood of x in G with V='U C W. Let ¢, ¥ € Coo(G) with suppp C U,

suppyy C V. Consider f(y) = /@(xy)Ag(y)'/dex. From u(f) =
G

<Ag(,u)[<p], [W]> and supp f C W we get </\Z(,u)[<p], [1//]> = 0 and therefore
x & supp Ag (1)

Definition 2. Let G be a locally compact abelian group and u € L™ (6). We call
spectrum of u the set of all x € G such that e (x)" belongs to the closure of

n
E Cj Xju

J=1

neWNcy,...,.c, eCoyt,....0n €G

in Loo(a) with respect to the topology o (L®°, L'). This subset of G is denoted spu.
Concerning this important notion we refer to Chap. 7 of [105].

Theorem 2. Let G be a locally compact abelian group, u € L°°(6) and x € G.
Then the following properties are equivalent:

1. x € spu,

2. Forevery [ € Ll(a) with [ x u = 0 we have f(sc (x)) =0,

3. Forevery f € Ll(a) with f* x u = 0 we have f(ec;(x)) =0,

4. For every open neighborhood W of x there is h € L' (6) with supp(/h\osc) cw
and (h, u) # 0.

Proof. Let V, be the following subspace of Lé’f(a)

n
§ :C./ xiU

j=1

neNcy,...,.c, €C,x1,....0n €G

1. (1) implies (2).

For every v € V, we have ( f*,v) = 0. Let n > 0. There is w € V,, such that

(7" ey} = (7" w)| <
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and therefore

(7 20 )] <
Consequently ?(86 (x)) =0.
2. (1) implies (3).
The proof is similar to 2.
3. (2) implies (1).

Suppose that e (x) is not in the closure of V, in L°°(G) with respect to
the topology o(L*,L'). By the bipolar theorem there is f € L'(G) with
(fiec(x)) # 0 and (f,v) = 0 for every v € V,. This implies f* % u = 0 and
therefore f (e¢(x)) = 0. A contradiction.

4. (3) implies (1).
The proof is entirely similar to 3.
5. (3) implies (4).

There is g€ L (G) with g(eg(x)) # 0 and supp(goec) C W. We have g xu #
0. Let yo € G with (& *u)(xo) # 0and h =, -1 g. Then supp(hoeg) C W and
(h u) #0.

6. (4) implies (3).
Let f € LI(G) with ?(8(; (x)) # 0. Let W be an open relatively compact

neighborhood of x in G with ?(sG ) ;é 0 for every y € W. The theorem of

Wiener implies the existence of g € L' (G) such that f(sG O)gEc(y) =1 for
every y € W ([105], Theorem 6.1.1, p. 169). By assumptlon there is h € L! (G)

with supp(hoeg) C W and (h.u) # 0. The relationh = hg f impliesh = hx g f.
But (h,u) = (h % g. f * u) and therefore f % u # 0.
Remarks. 1. The property (2) has been chosen as a definition of the spectrum for

G = R by Pollard in 1953 [101].
2. Definition 2 is due to Godement ([52], p. 128).

Theorem 3. Let G be a locally compact abelian group, 1 < p < oo and T €
CV,(G). Then (suppT)~! = spT.

Proof. We show at first that (supp 7)™ C sp?. If:t x € G\ sg’f. There is W
a neighborhood of x such that for every & € L'(G) with supp(hoeg) C W we
have <h, T) = 0. There is U and V open subsets of G with e € U, x~ ' e Vand
UV~! c W.Consider ¢, € Coo(G) with suppp C U and supp y» C V. We have
(T[(p], [1//]) = (7"\.7-'[@], ]—'[10]> (see notations and facts from Sect. 1.3). Let h = 5 @,

then i € LI(G), hoeg = ERA suppiz\osg C W and therefore (h, /f) = 0. This
implies <T[(p], W]) = 0 and consequently x ™' ¢ supp T'.
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It remains to verify that sp? C (suppT)~!. Letx € G\ (suppT)~". There is
U, V open relatively compact subsets of G withe € U, x™' € V, (T[(p] [1,0]) =0
for every ¢, € Coo(G) with suppe C U andsuppy C V.Let W = V7. We

show that for every i € L'(G) with supp heeg C W we have (n,T) = 0.Lety > 0.
There is K compact subset of G such that

n
|h()()|d)( < — =
/ 31+ T o)
G\K
Thereis r € L'(G) with 7 € Coo(a) and7 = 1 on K. There is also ¢ € Cy(G)
with ¢ = 0, /go(x)dx = 1,suppy C U and

n
3(1+ 1Al (1 + 1T o)

lo*r—rl <

We therefore obtain for every y € K

~ n
le(n) — 1] < =
31+ All) (14 1T o)
This implies
= n =, &
Hh—goh” <———— and ‘(h —(ph,T)‘ <,
(1+ 17T lo0)

from

/?(X){o?(x)md)( =0 we have )(h,?)‘ <n
G

and therefore (i, T) = 0. Theorem 2 finally implies that x ¢ spT .

6.2 Characterization of the Support of a Pseudomeasure

In analogy with the property (4) of Theorem 2 of Sect.6.1, we get at first a
characterization of the support of a pseudomeasure.

Theorem 1. Let G be a locally compact group, 1 < p < oo, T € PM,(G) and
x € G. Then x € suppT if and only if for every neighborhood V of x there is

u € Ap(G) with suppu C V and (u, T)Ap(G)’PMp(G) £ 0.
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Proof. Suppose that x € supp 7. There is U;, V7 open subsets of G with e € Uy,
x € Vi,and U['V; C V. Thereis also ¢, ¥ € Coo(G) with suppg C Uy, suppyy C

V} and (T[(p], W]) # 0. For u = (t,¢) * (r,) we have (u T)A,,.PM,, # 0 with
suppu C V.

Suppose conversely that for every neighborhood V' of x thereis u € A,(G) with
suppu C V and (u T)A,,.PM,, # 0. Let U, V open subsets of G with e € U and

x € V.Let W an open neighborhood of x relatively compact with W C V. Choose
u € A,(G) with suppu C W (u T)A py. 7 0and ((k,,),(l,,)) € A,(G) with
P P

o0
u= ZEn * i,,. There is N € N such that

n=1

(e T)AP,PMP |

ad e
N,(k,)Ny(l,) < — where &=
2 Ny ! 4 2\,

n=N+1

There is ¢ € Cypo(G) with ¢ = 0, /qp(x)dx = 1,suppp C U~ ! and
G

< &
2-20(1+ Npy(ly))

Np(¢ * ky, —ky)

forevery 1 <n < N. Then <((p x k), (ln)) € A,(G) and

o0 N o0
- eNy(ln)

u—y (prky)*l,| < — +2 Ny(ky) Ny (1) < e.

2 PP 2% e (e A ATARIP VI
From

pru=Y (p*kn)*l,
n=I1

we get

lu—¢ *ullsg, <e and therefore (go * U, T)A PM # 0.
pMp

is finally implies (T'[t,¢], [t it with suppt,¢ C U and supp it C V.
This finally implies {T'[z,, U 0 with » U and it CV

Theorem 2. Let G be a locally compact group and 1 < p < oo. Then for u €
Ap(G) and T € CV,(G) we have {x‘x € supp T, u(x) # 0} C suppul C
supp T' N supp u.
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Proof. 1. Letx € G \ suppuT with u(x) # 0. We prove that x ¢ supp 7.
Choose U and V open relatively compact subsets of G withe € U, x € V and

<(uT)[(p], [1//]> = 0 for every ¢, ¥ € Cyo(G) with suppe C U and suppy C V.

There is V}, open neighborhood of x, with u(y) # 0 for y € V;. There is also U,
V, open subsets of G withe € U, x € V, and Ul_le chvinV.LetU, =U;NU
and V3 = V N V,. Let ¢, € Cyo(G) with suppy C U, and suppyy C V3. We
show that (T'[¢]. [y]) = 0.

Let ¢ > 0. There is Us open neighborhood of e in G such that for every o €

Coo(G) witha = 0, /ot(y)dy = 1, suppa C U; we have
G

\(“Z(a_*)[w], [v]) — (T o). [w])\ < %

According to Corollary 6 of Sect.4.3 (and Proposition 1 of Sect.3.1) there is

1
v € Ay(G) N Coo(G) with v(y) = ") for every y € U, 'Vs. There is Us open
uly

neighborhood of e such that for every o € Cyo(G) with o > 0, /a(y)dy = 1and

G
suppo C Uy we have (see Lemma 1 of Sect.5.3)

(@Dl 1) - <(uv(mz<a*>)) o), [w1> <

Leta € Cy(G) with o > 0, [a(y)dy = 1 and suppa C Uz N U,. Taking into

£
2

G
account Lemma 3 of Sect. 5.3 and

w(T,@ * () = T,¢ * (T ¥),

we obtain
<(uv(mé<a*>))[w1, w1> = (r[al"a] [a5"" 50 % cpu]) = (1[0 * 8. [v]).

Choose (k,) and (/,,) in Cyo(G) with ((kn), (ln)) € A,(G) and Z%” * [, = v.
n=1

Foreveryn € N and t € G we have

<(uT> [, Ge]. [t,a;)vf]} =0

(@ <Eowr)iel. 1) = [{wn]_Goel. [ Gow])ar

G

but
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and therefore <(uvT)[<p], [1//]> = 0. This implies

<

K71¢L[w0 (71¢L[¢D«—<Tké(a*n¢L[w0‘+—KTAé<a*M¢L[wD

_.<(MV(TAZ<a*>))[¢L[w1> <(uv(Tk£(a*)))[¢L[wi>

~(wmiel. )| + (@ Diel. )

+

<é&

and finally <T[<p], W]> =0.

2. suppul C suppu.

Let x € suppuT. Suppose that x ¢ supp u. We can find U open neighborhood of
x in G with U N'suppu = @. Thereis v € A,(G) with v(x) = 1 and suppv C U.
We have x € suppvuT. But uvT = 0 and therefore supp uv? = 0.
3. supp(uT’) C suppT.

Let x € G \ suppT. We choose U, open neighborhood of ¢ and V' open
neighborhood of x with (T[(p], W]) = 0 for every ¢, ¥ € Cy(G) with suppp C U

and suppy C V. Let ((k”),(l,,)) € Ay(G) with 3k, % I, = wand ky.1, €
n=1

Coo(G). For every n € N we have
<((En «I)T)lgl, [w1> =0

and therefore <(uT)[<p], [1/f]> = 0, consequently x & suppuT .

Corollary 3. Let G be an amenable locally compact group and 1 < p < oo. For
every T € CV ,(G) there is a net (T,) of CV ,(G) with supp T, compact for every
o and lim T, = T ultraweakly.

Proof. This is a consequence of Theorem 2 of Sect. 5.4 and of Theorem 2.

6.3 A Generalization of Wiener’s Theorem

The following lemma follows easily from [7]
Lemma 1. Let G be a locally compact group. Then:

1. For f € CC locally mg-integrable, mg-moderated and such that the measure
fing has compact support, we have f € L'(G);
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2. For f € L?(G) with 1 < p < oo such that the measure fmg has compact
support, we have f € L'(G);
. For1 < p<ooand f € L?(G), we have f = 0 if and only if supp fm¢g = 0;
4. Forr € C(G), 1 < p <ooand f € LP(G) such that fimg has compact support
we have rf € LP(G).

w

Lemma 2. Let G be a locally compact group, 1 < p < oo, T € CV,(G) and K
a compact subset of G with K Nsupp T = @. There is U and V open subsets of G
withe e U, K C Vand(T[(p], [1#]) = 0forevery ¢, ¥ € Coo(G) withsuppe C U,

suppy C V.

Proof. For every k € K there is Uy open neighborhood of e in G and V) open
neighborhood of k in G with (T[(p] [w]) = 0 for every ¢, ¥ € Cy(G) with
suppe C Uy, supp ¥ C Vix). There is also W) open neighborhood of k in G with
W(k compact and W(k C V. There is ki, ...k, € K with K C |J} Wik;)-
Let

J=1

n n
U = m U(kj) and V = U VV(kj).
j=1 j=1

Consider ¢, € Cyo(G) with suppe C U and suppy C V. There is Tyeooy Ty €

C(G) with0 < 7; < 1,7;(G \ W;)) = Oforevery 1 < j <nanerJ(x)— 1

j=l1
for every x € supp ¥. We have

Y= Zr] ¢l.[tj¥]) =0 forevery 1<, <n

and finally (T [¢], [y]) = 0.

Theorem 3. Let G be a locally compact group, 1 < p < oo and T € CV,(G).
Then T = 0 ifand only if supp T = 0.

Proof. Clearly if T = 0 then suppT = . Suppose conversely that supp T = @.
We show that T'[¢] = 0 for ¢ € Cyo(G). By Lemma 1, 3) it suffices to prove that
supp(T [¢])mg = 0. Let x € G. We have ((supp ¢)~'x) Nsupp T = @. By Lemma
2 thereis U and V open sets of G with e € U, (supp@)~'x C V and (T'[r], [s]) = 0
for every r,s € Cyo(G) with suppr C U and supps C V. There is also W open
subset of G with x € W and (supp)~'W C V.Letk € Cyo(G) with suppk C W.
Lete > 0. There is g € Coo(G) with

&

(L+0TM, ) (1 + Ny (k)

Npy(p—pxg) <

and supp g C U. We have

(rtgbma) o = (7[o].[£])
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But

([ [7) (rfe <] (1)

STl Np(o =@ * )Ny (k) +

(rfe) [ +])|

From supp ¢* x k C (suppg)~'W C V we get

(o] Lo +]) =0 |(r o} [F)

This implies x ¢ supp(7 [¢])m¢ and finally supp (T[(p])mG = 0.

<&+

<& and ((T[go])mG)(k) =0.

Remark. For p = 2 and G abelian, this result is precisely the dual formulation of
Wiener’s theorem (see Theorem 3, Sect. 6.1 and [105], Proposition 7.1.9, p. 196).

Proposition 4. Let G be a locally compact group, 1 < p < oo, T € CV,(G) and
u € A,(G). Suppose that u = 0 on a neighborhood of supp T. Then uT = 0.

Proof. We have supp T N suppu = @, suppul = @ (Theorem 2 of Sect. 6.2) and
therefore u7T = 0.

Proposition 5. Let G be a locally compact group, 1 < p < oo, T € CV,(G) with
compact support and u € A,(G). Suppose that u = 1 on a neighborhood of supp T .
ThenuT =T.

Proof. Let v be an arbitrary element of 4,(G). By Proposition 4 (uv—v)T = 0 and
therefore v(uT — T') = 0. Theorem 2 of Sect. 6.2 implies supp(uT — T) = @ and
thusu” — T = 0.

Corollary 6. Let G be a locally compact group, 1 < p < coand T € CV,(G)
with compact support. Then T € PM ,(G).

Proof. Let U be a compact neighborhood of supp 7" and u € A,(G) N Coo(G) with
u(x) = 1 for every x € U. We have T = uT, but according to Theorem 7 of
Sect. 5.2, uT is a p -pseudomeasure.

Proposition 7. Let G be a locally compact group, 1 < p < oo, T € PM,(G) and

u € Ay(G) N Coo(G) such that suppu N supp T = @. Then (u, T)Ap.PMp =0.

Proof. Let U be an open neighborhood of suppu such that U N supp7T = 0.
According to Proposition 1 of Sect. 3.1 thereis v € 4,(G) N Coo(G) withv = 1 on
suppu and suppv C U. Then (using Corollary 8 of Sect. 5.2)

(u, T)A,,,PMp = (uv, T)A,,,PMp = <u’VT)A,,,PMp’
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Theorem 2 of Sect. 6.2 and Theorem 3 above imply vT' = 0, consequently

u, T =0.

( )A,,,PMF

We also obtain the following characterization of the support of a convolution
operator.

Theorem 8. Let G be a locally compact group, p > 1, T € CV,(G) and x € G.
The x € supp T if and only if for every u € A,(G) withuT = 0 we have u(x) = 0.

Proof. Letx e suppT andu € A,(G) withuT = 0. Suppose that u(x) # 0. By the
Theorem 2 of Sect. 6.2 we have x € suppuT and therefore uT # 0. Consequently
u(x) = 0.

Conversely suppose that for every u € A,(G) with uT = 0 we have u(x) = 0.
Assume that x ¢ supp 7. Let U be an open relatively compact neighborhood of x
with U NsuppT = @. Choose v € A,(G) with v(x) = 1 and suppv C U. Then
suppvT = @ and therefore vT' = 0. This implies u(x) = 0.

Remarks. 1. This generalizes the property (2) of Theorem 2, Sect. 6.1.

2. For G a general locally compact group and p = 2 this result is due to Eymard
(see [41], p. 225 (4.4) Proposition).

3. For 1 < p < oo see Herz [61], p. 119.

6.4 An Approximation Theorem

Lemma 1. Let G be a locally compact group, 1 < p < oo, ¢ € LP(G)
and T € CV,(G). Suppose that supppmg¢ is compact. Then supp(T¢)mg C
suppemg supp T.

Proof. Let x ¢ supp ¢mg supp T. By Lemma 2 of Sect. 6.3 there is U and V open
subsets of G with e € U, (supppmg)~'x C V and (T[r],[s]) = O for every
r,s € Coo(G) with suppr C U, supps C V. There is Z open neighborhood of e
with (supppmg)~'xZ C V.Let f € Coo(G) with supp f C W where W = xZ.
Lete > 0. There is g € Cyo(G) with supp g C U and

&
o= =18l < Ty w0

According to Lemma 1 of Sect. 6.3 we have ¢ € L'(G) and therefore

<T(¢ * [g]), [7]> = <T[g],<p* * [?D

and
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(o [7]) <=+ [ree [ [7)

There is r € Coo(G) with [r] =@ % [7] We have suppr C V and therefore

[r(o+ 1) [7) =0

<e+

This implies

<T(¢>, [7]>

We finally obtain that x ¢ supp(7 ¢)mg.

< ¢ and consequently ((T(p)mg)(f) = 0.

Lemma 2. Let G be a locally compact group, 1 < p < oo, f € Cy(G) and
T € CV,(G). Suppose that supp T is compact. Then

1. 7,T[f] € Le(G),
2 T /) = 3w TL11)
.16 (moriad” )| <, M,

4. supp Az, (rpT[f]) C supp f supp T,
5. T[f * f] (S Coo(G)
Proof. To verify (2) and (3) observe that for ¢ € Cyo(G)

AZ (TpT[AgP/fD[(p] = [¢] * T[Agp/f] _ T([(p] . [AlG/p/f])

but [¢] * [AlG/p fl = Ag(F) [¢] consequently Ag(rpT[AlG/p f]) = TAZ(F)
this indeed implies (2). We also have

26 (2T 11)lel] < UTH, i)+ (A £, < AT, NN ()

and therefore (3).

As a direct consequence of Proposition 2 of Sect.2.1, and of the preceding
lemma, we obtain the following approximation theorem.

Theorem 3. Let G be a locally compact group, 1 < p < oo and

1=1f € CulG)]f 2 0. fe) £ 0. / Aoy f)dx =1},

G
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Consider on I the filtering partial order f < [’ defined by supp f D supp f’.
Then for every, T € CV ,(G) with compact support

1. Forevery f € I we have
16 (mrir = 1) <ar1,

2. The net

rel

(Aé(rpr[f . f]))
converges strongly to T';

3. Forevery ¢ > 0, for every ¢ € LP(G) and for every neighborhood U of supp T
there is fo € I such that for every f € I with fy < f we have

[T =25 (n, Tl * N)o] <e

and supp)&é(tpT[f * f]) cUu.
Remark. Theorem 3 is due to Herz ([61], Proposition 9, p.117).

Corollary 4. Let G be a locally compact group, 1 < p < oo, T € CV,(G) with
compact support and U a neighborhood of supp T. Then there is a net (fy) of
Coo(G) such that:

1. im A% (fy) = T ultraweakly,
2. | Crall, < U7, for every a.
3. supp fo C U forevery a.

6.5 Application to Amenable Groups

From Corollary 7 of Sect.4.1 and from Corollary 3 of Sect. 5.4 we know that every
T € CV,(G) is in the ultraweak closure of A2 (Co(G)) if G is amenable. In this
paragraph we will obtain a more precise result.

Lemma 1. Let G be a locally compact group, 1 < p < oo, U a neighborhood of e,
e > 0and g € LP(G). Then there is V, a neighborhood of e contained in U, such

that for [ € Cyo(G) and T € CV,(G) with | > 0 / f(x)Ag(x)_l/”,dx =1,

G
supp f C V one has

ITe —TAG (@ Hel, <ITNe.
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Proof. A minor change to the proof of Proposition 2 of Sect. 2.1 justifies this lemma.
The following lemma is a consequence of Sects. 5.4 and 6.2.

Lemma 2. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G), U a neighborhood of supp T, V a neighborhood of e, K a compact subset
of G and e > 0. Then there is k,l, f € Cyo(G) with

1. Ny(k) = Ny(l) = /k(x)l(x)dx =1,k>0,1>0,

G
2. Ny(,—1k —k) <eand Ny (,—1l =1) < & foreveryx € K;

3£ 20.£@ 20, [ f@act 7 ax = 1;
G
4. supp f C V and (supp f)?supp(k * )T C U.

Definition 1. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G) and U a neighborhood of supp T'. We define Jy as the set of all 5-tuples
(K,e,k,l, f) K compact subset of G, ¢ > 0, k,I, f € Cy(G) with following
properties:

Ny(k) = Ny (l) = [k(x)l(x)dx =1k>01>0
G

N,(,—1k —k) <e,Ny(,—1l =1) <e forevery x €K,

f=0,f(e)#0, / F)Ag(x)™V?" dx =1, (supp f)? supp(k * )T C U.
G

Definition 2. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G), U a neighborhood of supp T and (K, &,k, I, f),(K', &', k', f') € Jy.
We say that (K, &, k.1, f) < (K',&,k/I', f)if K C K', ¢ > & and supp f D
supp f.

Theorem 3. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G) and U a neighborhood of supp T'. Then

1. X s a filtering partial order on the set Jy;
2. Forevery (K, e, k,l, f) € Jy we have

26 (s < Drir = D) <07,

3. supp)tg(rp((k * i)T[f * f])) C U forevery (K, e, k,l, ) € Jy;
4. In the ultraweak topology we have

lim AL (z,,((k « DTS * f])) ~T

(K.ek,l, f)eJu
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Proof. The claim (1) is a consequence of Lemma 2, while (2) and (3) result from
Theorem 3 of the preceding paragraph.
To prove (4) it’s enough to show that

od® <Aé (5o (w017 5 11) i [w1> = (Tlel.ly)

for (78 1// € C()O(G)

By Theorem 2 of Sect. 5.4 for every ¢ > 0 there is Ky compact subset of G and
1o > 0 with the following property: let K be a compact subset of G with Ky C K,
let0 < n <npandletk,l € Cyo(G) with

Ny(k) = Ny () = [k(x)l(x)dx =1.k>01>0N,(c1k—k)<n Ny(l—I)<n
G

for every x € K, then we have

(e * DTTp). [w]) = (TTo). W] < 5.

By Lemma 1 there is a neighborhood V' of e such that for every f € Cyo(G) with
supp f CV, f > Oand/f(x)Ag(x)_l/P/dx=l we have
G

” (k * i)T)[<P] - ((k * Z)T)Ag(rpf)[w] Hp < m
P
for every k.l € Coo(G) with Ny(k) = Np(l) = 1.k = 0,1 = 0’/k(X)Z(X)

dx = 1. By Lemma 2 there is ko, lo, fo € Coo(G) such that (Ko, no, ko, lo, fo) €
Ju. Then for every (K, n,k,l, f) € Jy with (Ko, no, ko, lo, fo) = (K,n,k,L, f)
we clearly have

< é&.

<Ag (5o (D17 5. 11) i [w1> ~(Tlel. )

Corollary 4. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G) and U a neighborhood of supp T. Then there is a net (fy)aes of Coo(G)
such that:

1. im AL (fo) = T ultraweakly,
2 [|A5CR, = T, for every o,
3. supp fu C U for every a.
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Proof. Let Jy be the set of Definition 1 with the partial order of Definition 2. For
a=(K,ek,l, f)e Jy weput f, = f,;((k * lv)T[f * f]). According to Lemma
2 of Sect. 6.4 we have precisely f, € Cypo(G).

Scholium 5. Let G be a discrete amenable group, 1 < p < oo and T € CV,(G).
Then there is a net ( fy) of Coo(G) such that:

1. im A% (fy) = T ultraweakly,
2. AL, < UTN, for every a,
3. supp fo Csupp T for every c.

Remarks. 1. Corollary 4 (and Corollary 4 of Sect. 6.4) were obtained by Herz [61],
p. 117.

2. There is no hope to extend the Scholium 5 to non-discrete groups! In fact let G be
anon-discrete locally compact abelian group, then there is alwaysa T € CV,(G)

which is not an ultraweak limit of a net (A2G (,uo,)> with ., a measure with finite

support contained in supp 7' [91].

3. For results on the approximation of T" € CV ,(G) by finitely supported measures
see Lohoué [80], Théoreme II, p. 82, [79], Corollaire 2, [81], Théoreme 1, Meyer
[94], p. 665, Delmonico [25], Corollary 3.3 and [26], Derighetti [33], Theorem 9.






Chapter 7
Convolution Operators Supported
by Subgroups

Let H be a closed subgroup of G. We investigate the relations between C V), (H)
and C V,(G) and obtain noncommutative analogs of the relations between L°°(I,1\V )

and Lw(a). We prove that ResyA,(G) = A,(H). We also generalize to
noncommutative groups the Theorem of Kaplansky—Helson and basic results on
sets of synthesis.

7.1 The Image of a Convolution Operator

Let G be a locally compact group and H a closed subgroup. For x € G we put
X =xH =w(x)anda-x = (ax)fora € G.

For the following we refer to Chap. 8 of [105].

There is ¢ € C(G) with ¢(x) > 0, g(xh) = q(x)Ay(h)Ag(h)™" for every
x € G and every h € H. Let my be a left invariant Haar measure of the locally

compact group H. We setmpy (f) = / f(h)dh for f € Coo(H).
H

Definition 1. For f € Cy(G) and x € G we put

S(xh)
q(xh)
H

Thgf(X) = dh

and

To f(5) = / Fxhydh,
H

Theorem 1. There is a unique Radon measure [ on the locally compact space
G/H, such that

me(f) = w(Tuyf)
forevery f € Cy(G).
A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 101

Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_7,
© Springer-Verlag Berlin Heidelberg 2011
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Remark. The measure u depends on the choice of g.

Definition 2. The unique measure @ of Theorem 1 is denoted mg,/p. For f €
C()()(G/H) we put

mom(f) = [ 1@y
G/H
We also put
mg
MG/H = —.
mpy
If ¢ = 1 (for instance if H is normal in G or if H is compact) we set d,x = d x.

Theorem 2. Let G be a locally compact group, H a closed subgroup, w the canon-
ical map of G onto G/H, g € C(G) with qg(x) > 0 q(xh) = q(x)Ay(h)Ag(h)™!
for every x € G and every h € H, mg a left invariant Haar measure on G, myg a
left invariant Haar measure on H and mg,p such that

mg
mg/H = —-
mpy
Then for every f € LYG) there is a unique § € L'(G/H;mgu) such that
w(fmg) = gmeu. If f € Coo(G) we have g = [T 4 f].

This permits us to complete Definition 1.
Definition 3. We put g = Ty 4[f].

Theorem 3. 1. Ty, is a contractive epimorphism of the Banach space LY(G) onto
the Banach space L'(G/H;mg/n),

2. if H is normal in G then Ty is contractive epimorphism of the involutive Banach
algebra L' (G) onto the involutive Banach algebra L' (G/H).

q(xy)
q(»)
Proposition 4. For every f € Coo(G/H) and every y € G we have

Definition 4. For every x,y € G we put y(x,y) =

/ F()dy = / £ - D0 ), .

G/H G/H

Corollary 5. Let G be a locally compact group and H a closed normal subgroup
of G. Then mg,y is a left invariant Haar measure of the locally compact group
G/H.

Definition 5. Let G be a locally compact group and H a closed subgroup of G. We
say that 8 € C(G) is a Bruhat function for H if:
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i. for every compact subset K of G there is r € Cyo(G) with r(x) > 0 for every
x € G and Resxy B = Reskgyr,

ii. /,B(xh)dh = 1forevery x € G.
H

Theorem 6. Let G be a locally compact group and H a closed subgroup of G.
Then there is a Bruhat function for H.

Proposition 7. Let G be a locally compact group, H a closed subgroup of G and
B a Bruhat function for H. If we put

g(x) = / Beh)AG(Au(h~)dh, x € G
H

we have:

1. g € C(G),
2. qg(x) >0forx € G,
3. q(xh) = q(x)Ayg (W) Ag(h™") for x € G and forh € H.

Lemma 8. Let G be a locally compact group, H a closed subgroup of G, p > 1,
f € Coo(G) and & > 0. There is U open neighborhood of e in G such that

1/p

[ FOxh) — faehdn | <e
H

forevery y € U and for every x € G.

Proof. Thereis g € Cyo(G) with g > 0, g(x) = 1 for x € V supp f where V is
some compact neighborhood of e in G. Then for x € G and y € V' we have

fOT%) = fQ)I” < [f(7'%) = f0)1Pg(x).
It suffices to choose U, open neighborhood of e in G, with U™! = U, U C V and

&

1f67) = @I <

A\Up
(1 + max;eg/H THg(x))

foryeUandzeG.

Definition 6. Let G be a locally compact group, H a closed subgroup of G, Z a set
and x € G.For f € Z°, we define the map f, g of H into Z by f g (h) = f(xh)
forevery h € H. Observe that f, y = Resp f.
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By a straightforward application of Lemma 8 we obtain:

Lemma9. Let G be a locally compact group, H a closed subgroup of G, p > 1,
@, € Coo(G) and € > 0. Then there is U open neighborhood of e in G such that

GG -0l L))

foreveryy € U, for every x € G and for every T € CV,(H).

=elTl,

Proposition 10. Let G be a locally compact group, H a closed subgroup of G,
p>1,0.% € Cy(G)and i € M'(H). The function

ol )]

is well defined and continuous with compact support on G/H . Let i (1) be the image
of the measure [ under the inclusion map i of H in G. Then

: 4 14 :
Bl ) = [ <A§i,(m[( =) ’H},[(ql/p,)xﬂ}>dqx.

G/H

Proof. We have by Sect. 1.2

ALGEDIe)L W) = [ (0 AL (D)) ()P (x)dx

cu\

where (gz) * AIG/”, (i (,u))v)a € Coo(G) and therefore

l/p/ . —_—
/ (0 % ALY (1G0)) ()P dx = Q o ag” (G ))j(xW(xmdh) dy.
G/H

q(xh)

But for every x € G and every h € H we have

(0% ALY (G0)) (e = / o(ehy) Ag (NP d(i (1) () = / o(ehn) A ()P dyu ()

G H

and therefore

((/) * Alg/p/(i(ﬂ))v)(x}l) _(( ¢ 1/P i@,
q(xh)\/p - \\¢"7 )
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This finally implies

(0 = AZY @) YR ( 2 ) vy ( v )
H/ ) dh_H/ 7 x,H*A M\~ x.H(h)dh

o[ 1 G20

Lemma 11. Let G be a locally compact group, H a closed subgroup of G, p > 1,
¢, ¥ € Coo(G)and T € CV,(H). Then

G, (), e

Proof. We have

UCOMICONIE
/mep (( ) )Ny((qf?p/) )q

=ITl, No(@I Ny (¥).

G/H
. ) 1/p
P
it | [ o (o5) ((5) ) o
/p q/p CH
G/H
But
* 4 *
¢ . lp(xh)|” . »

/Np((m)“_) dyx = / ( 2h) dh | d;x = Np(p)?.
G/H G/H \H

Proposition 12. Let G be a locally compact group, H a closed subgroup of G,
p>1,andT € CV,(H). Then there is an unique bounded operator S of L?(G)

such that
(S[(p]’[‘W]) - / <T|:(qip/p)x Hi|7|:(qllip/)x H:|>dqx
G/H ’ ’

for every ¢, 4 € Coo(G). We have IS, < Tl
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Definition 7. The operator S of Proposition 12 is called the image of 7" under the
mapi. Weset S =i(T).

Remark. According to Proposition 10 we have i (A%, (1)) = AL(i(n)) for p €
MI(H).

Theorem 13. Let G be a locally compact group, H a closed subgroup of G and
p > 1. Then i is a linear contractive map of the Banach space CV,(H) into
CV,(G).

Proof. Itis enoughto provethati (CV,(H)) C CV,(G).LetT € CV,(H), ¢, ¥ €
C()()(G), a € G and

ro=(r1(55), )G, )

By Proposition 4 we have

(i (T) L) 1) = / 2@ ) fla - ),

G/H

From
1. ap 14
rato=(rl(55) . G, )
(), = Ges) (55)..,
ql/p a*]x,H_ q(a_lx) ql/p x,H
(7).~ () ()
ql/p/ a_lx.H_ q(a_lx) ql/p/ x,H
we get

R U ICOMI (o)

and therefore

s | 01(5) JG2), )

= (i) L v1) = (1 Dlo1). [v1).
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7.2 On the Operator i (T)

The relation

()= [ H(q%)[j [(qv/fp)HD »

G/H

was obtained in the preceding paragraph for ¢, ¥ € Cypo(G). We need a generaliza-
tionto ¢ € £7(G) and ¥ € L? (G).

Definition 1. Let X be a topological space. Then 7 7 (X) denotes the set

{f € [0, o00]¥ ‘f is lower semi-continuous on X}.

Proposition 1. Let G be a locally compact group, H a closed subgroup of G and
f € TH(G). Then:

L (LD TG,
q(xh)
H
Sf(xh) .
/( q(xh)dh)dqx—/f(x)dx.
G/H “H G

Proof. Let A = {plp € CO“S(G),go < f}. We recall that f = sup{g|p € A}, for
x € G we have consequently

(i) = sup (f) and therefore (i) e TH(H).
q x,H p€A q x,H q x,H

(2
q)x.H
being filtering we have

m::((i) ) = sup(Tp49)(X).
q x,H peA

_ [ fah)
g(xh)
H

The set

(peA}

Let

F(%) dh
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we have

F =supTyup,F € TT(G/H) andfinally mg,,(F) = supm(p) =m*(f).
p€eA pEA

Remark. See Reiter and Stegeman ([105]. see p. 230).

Corollary 2. Let G be a locally compact group, H a closed subgroup of G and f
an arbitrary map of G into [0, o0]. Then:

*

[i((2), =i

G/H

Proof. Let g € T1(G) with f < g. By Proposition 1

[, sz

G/H
This implies
/ m;((i) Jasi <int{mio)]e € THO). 1 <o} =mi(1)
G/H ) cn

The following theorem is a generalization of Theorem 1 of Sect. 7.1.

Theorem 3. Let G be a locally compact group, H a closed subgroup of G and
f € LYG). Then there is a mg y-negligible subset A of G/H with the following
properties:

1. Forevery x € G with X &€ A we have (i) e L'(H;mp),
q x,H
2. The function g, defined by g(x) = 0 if x € A and by

w-m(2),)

if x € A, belongs to L'(G/H) and we have mg/u(g) = mg(f).
Proof. There is (k,) a sequence of Coo(G) with

/ ()~ ka0l < o
G
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for every n € N. Corollary 2 implies that

/* [ kel L
q on

q(xh)
G/H \H

forn € N. We set for every x € G and foreveryn € N

Hy (%) = |f(xh) — k”(xh)ldh,

q(xh)

we have H, € [0, 00]%". Then

There is A, mg,y-negligible subset of G/H , such that for every X ¢ A

> H, (%) < oo

n=1
For X ¢ A we have

*

|f(Xh|dh<oo and lim

dh =0,
q(xh) n—00
H H

(1) (h)—(ﬁ) )
q x,H q x,H

this implies (i) e L(H).
q x,H
Let g € RO/H defined by g(%) = 0if X € 4 and by

f(xh)
q(xh)
H

g(x) = dh

if X ¢ A. For X ¢ A we have
|§(X) — T gkn(X)| < Hy(X)
and therefore

1
(18 = Trgkal) < m (Hy) < .
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This implies that g € £!'(G/H). Finally forn € N we have

=

meyu(8) — meyu (Thgkn)

‘mG/H(g) [ fdx
/

+

mae/u (Tagkn) —me (kn)| + [mg(ky) — me (f)

<mgu(1g — Tugknl) + ma(ky — f) <

on—1"

Remarks. 1. See [105], Theorem 3.4.6, p. 100 and p. 231.
2. Evenfor G = R and H = Z it is not possible in general to choose 4 = @.

Scholium 4. Let G be a locally compact group, H a closed subgroup of G, f €
L(G) and A an arbitrary mg,m-negligible set such that

(i) e L'(H)
q9)xH

forevery x & A. Let | be the function defined by [(x) = 0if x € A and by

o-mi(2),)

if x & A. Then I belongs to L' (G/H) and we have m¢,u (1) = mg(f).

Definition 1. Let G be a locally compact group, H a closed subgroup of G and
f € LYG). A subset A of G/H is said to be associated to f if the following
holds:

1. Ais mg,g-negligible,
2.

(i) e L'(H)
q x,H

Theorem 5. Le G be a locally compact group, H a closed subgroup of G, 1 <
p<oo, [ €LP(G), g € LV(G), Aassociated to | f|P, B associated to |g|”" and
T eCV,(G). Forx € Gweput A(x) =0ifx € AU B and

M) = <T[(¢%)H] [(ql%)HD

if X ¢ AU B. Then:

forevery x & A.
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1. A e LN(G/H),

2. mgu(A) = (i(T)[f1.[g]).
Proof. There are ( f,,), (g,) sequences of Cyo(G) such that

Ny(f — fi) <~
n

and

1
Np/(g_gn) < ;

Jn (%) = <T[(q€p)ﬂ] [(‘ﬁT)H:D

for every x € G. According to Proposition 10 of Sect. 7.1 we have A, € Coo(G/H).
Let X = (G/H)\ (AU B).For x € G and x = w(x) we set

1/p 1/p
N AN |gn(xh) — g(xh)|”’
rn(x) = ( Wdh) s sn(x) ([ q(xh) dh) s

1/p 1/p’
| fu(xh) — f(xh)|” N g (xh)|”’
o (i) ()

and 1, (X) = s, (%) = £, () = u(¥) = 0if ¥ € A U B. From

Let

Ix|A =2l <IN, (xrusn + 1xtau)

we get
’"2/11(”L —Al) = ’"2/11(1X|)L =MD =T, mZ/H(ernsn) + mZ/H(lthu)}

=\, {mG/H(er )l/pmG H(lXSp ) Vg mG/H(lep)l/pmG u(Ixu? )l/p }
But

meu(xry) = Np(f)”,

*

mZ/H(IXS:f/) — / 1x(56)sn()'c)p/dq5c < / (/ |gn(XI’l;(;;;§)(Xl’l)|P dh) i
H

G/H G/H

< [ lga(x) — g(x)|” dx,
/
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and similarly

mg,(xt)H? < Np(f = fu). m, ()7 < Ny (g),
whence |
(= Aal) S ITH, = (14 Np(F) + Ny (2).

This implies A € £'(G/H) and, forn € N

(L)~ mem ] < U7, = (14 Ny () + M),

Corollary 6. Le G be a locally compact group, H a closed subgroup of G, B a
Bruhat function for H, 1 < p < oo, f € LI(G), g € LV (G), A associated to
| £17, B associated to |g|? and T € CV,(G). For x € G we put A(x) = 0 if

o= (o), ) [).)

if x ¢ AU B. Then:
1. (Aow)Bq € L (G),
2. mg((hew)Bq) = (((T)If). [¢]).

7.3 A Canonical Isometry of CV,(H) into CV,(G)

Lemma 1. Let G be a locally compact group, H a closed subgroup, U an open
neighborhood of e in G and W an open neighborhood of e in H. Then there is
k € Cy(G) with:

1. k(x) > 0 for every x € G,
2. /k(h)dh =1,

H
3. /k(xh)dh < 1forevery x € G,
H

4. suppk C U,
5. (suppk)NH C W.

Proof. There is U; open subset of G with W = H N U;, K compact neighborhood
of e in G with K C UNU; and U, an open relatively compact subset of G with K C
U, C U, C U NUj. Let ¢ be a continuous map of G/H into [0, 1] with y(é) = 1
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and suppy¥ C w(K) and ¢ a continuous map of G into [0, 1] with ¢(k) = 1 for
every k € K and supp¢ C U,. Then

xeqG

/go(xh)dh £0 = AH

H

with A = ¢ (R \ {0}). Let x € G.If x € AH we set

()Y (w(x))
/go(xh)dh

H

k(x) =

and for x € AH we set k(x) = 0. Then k satisfied all the required properties.
We are now able to complete Theorem 13 of Sect. 7.1.

Theorem 2. Let G be a locally compact group, H a closed subgroup of G and
p > 1. Then i is a linear isometry of the Banach space CV,(H) into CV,(G).

Proof. LetT € CV,(H) and ¢,y € Cyo(H ). It suffices to prove that

(Tlel )] < W (DI, Np@Ny ().

Let ¢ > 0. There is W, an open neighborhood of e in H, such that for every
h € W we have

] 1)
Np(go —p—1 go) < 5 and Np/(lﬂ —p—1 w) < >

where

&

0<68<min? 1,
(L+IT1,)(1+ Nolo) + Ny ()

By Lemma 1 there is k € Cyo(G) with k(x) >0 / k(xh)dh < 1forevery x € G,
H

[k(h)dh = l and suppk N H C W. For every x € G we put
H

v(x) = q(x)l/”/k(xh)go(h’l)dh and  v(x) = q(x)l/P’/k(xh)x/f(h*I)dh.

H H

Then vV, W e C()()(G)
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1. We have

v ) w 8
Np (RESH(W) — (p)f 5 and Np/ (ReSH (W)—'W)f 5

Let g € Coo(H) with N,y(g) < 1 we have

] )
|/ g(h )( (}f)l)/p @(h ))dh 3 and thus Np<ResH(ql%)—<p)§ 5
Vi

Similarly
Ny ReSH(%)—W <
q p

2. There is an open neighborhood U of e in G relatively compact such that for every
x € U we have

v w
Np<(m)xﬂ—¢> <48 and Np/((—ql/p,)xﬂ—lﬁ) <.

By Lemma 8 of Sect. 7.1 there is a relatively compact open neighborhood U of
e in G such that for every x € U we have

| S

v , 1/p'
vy vy |F 8 /‘ wech)  wih) |? 8
(H/ g g(h)l/p dh) 2 ( 27~ gy dh < 5
3. Let
S L/ — and 7= _ lum
maeu(@(U)'P meu(o(U))V/r"
p V4 »
Then [ov] and fevl” belong to 77 (G). For x € G we have (|0V| ) €
1 7 4q x,H

T (H) (see the proof of Proposition 1 of Sect.7.2) and
P ; P
S CapEr— EDIN
q9 Jin) = mem(oU)) J q(xh)
|lov|?

But ( ) € Cy(H). Consequently (av
x,H

) e L'(H). Similarly
x,H

b?
q
( ) € L'(H). Then by Theorem 5 of Sect. 7.2
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(i(T)[O’V],[‘L’W])Z /X()'c)dq)'c

G/H

where for every x € G

. ov ™w
A(X) - <T|:(W)XH:|’ [(W)’CH]>
Butforx € G

( ov ) _ Lo (X) ( v ) and ( ™w )
a'")en mem(w@)P\@"7 )y g7 ) u

_ 1w(U)(x) ( v )
meu(@U)7 NGV )y

and therefore

o = e (_) (L)
) mG/H(w(U)><T[ g7 HH a7 ) ||

Consequently

meu(A) — (Tl [¥]) = Ly (x)B(x)q(x)

1
me/u(@(U)) G/

) J) vl

Hence

(i (Do) [w]) = (Tle). )| = un (X))

1
mg(w(U)) Gf

([ G) ). -

But for every u € U and every h € H we have

6Dl 1))

dx.

X
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this implies

(G G )

Consequently

< U1, 8(8+ Np(@) + Ny ).

(i (T)lov. [ew)) — (Tl 1)

1
= m! IUH(X),B(X)Q(X) |||T|||P8(8 + NP((p) + NP,(w))dx <&

This implies
(Tlol. )| < & + B (DI, Np(@) Ny (xw).

Forevery x € G

()|
/ oGy =)
H

and therefore N,(ov) < N,(¢) and similarly N,(tw) < N, (). This finally
implies

(Tl V)] < &+ 1 (D), Np@Ny ).

Remarks. 1. See Derighetti ([28], Théoreme 1, p.72 and Théoréme 2, p.76 ). See
also Lohoué ([85], Théoréme 5, p. 190). For p-pseudomeasures the result is due
to Herz ([61], Theorem A, p.91).

2. This proof (and also Definition 7 of Sect.7.1) was inspired by a work of Gilbert
concerning locally compact abelian groups ([50], Proposition 2, p. 141).

Corollary 3. Let G be a locally compact group, H a closed subgroup of G,
and 1 < p < oo. Then for every u € M'Y(G) we have HMé(lﬁ,u)mp =

145 (Resu ],
Proof. We havei(Resgp) = 1.
The following lemma is a generalization of Theorem 1 of Sect. 1.2.

Lemma 4. Let G be a locally compact group, H a closed subgroup, 1 < p < oo,
k € Coo(G) and f € LP(H). Then:

1. k *H f S C(G),
2. Foreveryx € G we have (k xy f)xn € LV (H),
3. qV7 ki ) € £9(G) and Ny (g7 5 1)) = Np(f) Np(TilkD.

Proposition 5. Let G be a locally compact group, H a closed subgroup of G, and
1 < p < o00. Theni is a Banach algebra isomorphism of CV,(H) into CV,(G).
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Proof. We have only to prove that i (ST) = i(S5)i(T) for S, T € CV,(H).

1. First we show that for S € CV,(H), k € Cy(G), and f,g € LP(H) with

S[f1=[g] wehavei(S)[q"7(k *u f)] = [q"7(k xu g)]-
It suffices to prove that for every ¥ € Cyo(G) we have

(i) ki ). 101) = ([a77 tk 1 )] [01).

Let A be a subset of G/H associated to glk xg f|7. We put

M(h) = <S[(k *n [)xn] [(q%)HD

forx ¢ Aand A;(x) = 0if x € A. Then

[ mtrdus = (i) G s )13

G/H

Similarly let B be a subset of G/H associated to ¢|k *xg g|” and

Ao(%) = <[(k * &)xh ] [(q;/jp/)x,H]>

if X ¢ B and A,(X) = 0if X € B, then

/ A (i)d,x = ([q‘/”(k *1 8], [1/f]>-

o/
But for X ¢ A U B we have A;(x) = A»(x) and therefore
(i)a" e ] 1) = ([0 e 5 )] 1)
2. Next we prove that for S, T € CV,(H), k € Coo(G) and f € LP(H) one has
i(ST) a7t xr 1)] = 1) Da7 e xr 1)].
Letl,m € £7(H) with [m] = ST[f] and [I] = T[f]. We get

i(ST) "k xu )] =477t % m)].



118 7 Convolution Operators Supported by Subgroups
But
i)D"k xu )] = i(S)[a"7 G D] = [a"7 Gk s m)].
3. For ¢ € LP(G) and ¢ > O there is k € Cyo(G) and f € Cyo(H) with
Np(e—a""(kxu 1)) <e.
We choose ¢’ € Cyo(C) with
Np(p —¢') < g

and U a compact neighborhood of e in H. There is V' an open neighborhood of
ein H with V C U and

&

Ny (k — kot A (7)<
2(1 + sup {q(x)l/P‘x € (suppq)’)U})

!

for every h € V, where k = %. It suffices then to choose f € Cyo(H) with
q
f =0,supp f C Vand/f(h)dh =1.

H
4. i(ST)[e] = i(S)i(T)[g] for S, T € CV,(H) and ¢ € L?(G).
Let e > 0. There is k € Cyo(G) and f € Cyo(H) with

&
20+ ISH, 070,

Np(go — g7k xy f)) <
Then
[(is-iim)ie)| | < (iD= ()iD)) (fg)-la" G N])| <.

Remark. See Théoreme 5, p. 54 of [31].

7.4 The Supportofi(T)

Lemma 1. Let G be a locally compact group, H a closed subgroup, 1 < p < o0
and i the map of CV,(H) into CV,(G) defined at Sect.7.1. Let ¢ > 0 ¢, ¢ €
Coo(H) and Uy a neighborhood of e in G. Then there is U; open neighborhood of
ein G and k € Cy(G) such that:
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. U] C U(),

. k(x) > 0 forevery x € G,

. suppk C Uy,

/k(xh)dh < 1foreveryx € G,
H

5. /k(h)dh =1,

H
6. For every open neighborhood V of e in G with V. C U, and for every T €

CV,(H)
(6)1

. Ly q'7 (k g @) lvn ql/p’ (k 5 V)
T 7 / (7ol
'<l( )|: m(;/H(w(V))l/P :| |: mG/H(O)(V))]/p :|> ( o] [W])

:Ik W N =

=elTl,.

" 1/p
A (léz/i(w((];j;/f)) = Np(9),
v 1/p
" /<1Z07H(w((llj)>;?/;’p)> = Ny ).
Proof. Let

. £
O<8<mm{l’1+Np(<p>+pr<w>}'

)
There is W, open neighborhood of e in H, such that N,(¢p ——1 ¢) < 3 and
8
Ny —p—1 ) < 3 for every h € W. According to Lemma 1 of Sect.7.3 there

is k € Cy(G) with k(x) > 0, /k(xh)dh < 1 forevery x € G, /k(h)dh =1,
H H

1
suppk C Uy, and (suppk) N H C W.Letv = q%(k xg@)andw = qr (k xg V).
As in the step (1) of the proof of Theorem 2 of Sect. 7.3 we have

y 1) w
N, | Resy ~p - 55 and N, | Resy — Y| <
q qp/

By Lemma 8 of Sect.7.1 there is Uj, open neighborhood of e in G, relatively
compact with U; C Uy

| S
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, 1/p p, 1/p’
é w(xh) B w(h) 8_
(H/ dh) <3 and (H/ ‘q(xh)l/l’/ a7 dh <5

for every x € Uj.
Let V' be an open neighborhood of e in G with V' C U;. For

v(xh) v(h)

qxm)/rq(h)'/r

lw-[ 1VH

. vH d 1= — "
mon @D T @)

we have

(1 (Dov), [owl) = (Tl )| < 071,
forevery T € CV,(H).

Lemma 2. Let G be a locally compact group, 1 < p < oo, T € CV,(G), xo € G,
U,V open subsets of G withe € U, xo € V and (T[(p], [1//]) = 0 for every ¢, ¥ €
Coo(G) with suppe C U and suppy C V. Then for every ¢, ¥ € Coo(G;C)
with suppe C U, suppy C V, everyr € LP(G) and every s € LY (G) we have
(Tlp rl. [y s1) = 0.

Proof. There are (r,) and (s,) sequences of Coo(G) with lim N,(r, —r) = 0 and
lim N, (s, —s) = 0. There is ny € N such that forn = ny N,(r, —r) < 1. Then
for every n = ny we have

(Tl 1. v s1)| < UTW, I a9 1N (= PIN ()
T I 9Ny (50 = (N () + 1),

Theorem 3. Let G be a locally compact group, H a closed subgroup and p €
(1, 00). Then for every T € CV,(H) we have suppi(T) =suppT.

Proof. 1.suppi(T) C H.

Let xo € G \ H. There is U and V open subsets of G/H with U NV = @,
w(e) e U,andw(xy) € V.LetU; = 0o '(U)and V; = 0 '(V).ThenU;NV;| = @.
Let ¢, ¥ € Cyo(G) with supp¢ C Uy and suppy C V;. For x € G \ V; we have

12
x,H
and therefore

(D] [y ) = V/ ﬁ(x)q(X)<T[(C]§L/p)X$H}, [(q:ﬁp,)wbdx.
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But if x € V) then x ¢ U, and therefore

i )

_r =0
1/

(C] ! x,H

consequently (i(T)[(p 1. [v ]) = 0. This implies that xo ¢ suppi (7).
2.suppi(T) C suppT.

Let hy € H with hy ¢ supp T. There is Vp, V; open subsets of H with e € V),
hy € Vi and (T[ga][w]) = 0 for every ¢, ¥ € Cy(H) with suppep C Vj and
supp ¥ C V. There is Uy, U; open subsets of G with UyN H = Vyand Uy N H =
V1. There is U, open neighborhood of e in G such that U, = Uz_l, U22 c Uy
and U22h0 C Uj. Choose finally Us, open neighborhood of e in G, with U;c U
and U3 compact. Let ¢, ¥ € Coo(G) with suppp C Us and supp ¢ C Ushy. For

x € G\ UsH we have
w )
- =0
1/p
<q x,H
and therefore

(Dl ) - [{ ﬁ(x)q(x)<T[(q%)xﬂ], [(q%)HDdx

Let x € U3 H. We have x = uh withu € Us and h € H. Then

S CoMICOMRUICOMICaM)

From

supp (ql%) C Vo and supp (%) cn
u,H u,H
we obtain

<T|:(ql%)u1_,:| [(ﬁ)u.y:b =0 and therefore (i(T)[p].[y ]) =0,

consequently hg ¢ suppi(T).
3.suppT Ci(T).

Let hg € H with hy ¢ suppi(T). There is Uy, Vo open subsets of G with e € Uy,
ho € Vo and (i(T)[a]. [b]) = O for every a.b € Coo(G) with suppa C Uy and
suppb C V. There is U; open neighborhood of e in G, V, open neighborhood of
hoin G suchthatUl2 CUpand UV, C Vo LetWi =U NHand W, =V, N H.
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Consider ¢, ¥ € Coo(H) with suppep C W, and suppyy C W,. We show that
(Tlgl. [v]) = 0.

Lete > 0.
According to Lemma 1 there is V3 open neighborhood of e in G and k € Cyy(G)
such that:

Vi C Uy,
k(x) = 0 forevery x € G,
suppk C Uy,

/k(xh)dh < 1forevery x € G,

e

b

H
/ k(hydh = 1,
H

. ly,m ql/P (k xg @) Ly, 6]1/’)/ k *1 V)
T , D\ o il <
<l( )|: WlG/H(w(V3))]/P :| |: mG/H(a)(V_%))l/p :|> ( [(p] [WD &

But suppk *g ¢ C Uy and suppk xp ¢ C Vp. Let

1 1/p
_q /prgHﬂSuppk*H(p q /p lVgHﬂsuppk*Hlp

d 4
maym (w(V3))'? maym(w(V3)"7

Lemma 2 implies
(i) <n @] [stk 5 ¥)]) =

and therefore

‘(T[gp], [1//])‘ <e.  Consequently (T[], [y]) =

We obtain that iy ¢ supp 7.
Remark. This result is due to Anker ([2], p. 631 and [1], Lemme IV.6, p.109).

7.5 Theorems of de Leeuw and Saeki

In this paragraph, G is a locally compact abelian group, H an arbitrary closed
subgroup, mg a Haar measure on G, my a Haar measure on H, w the canonical

m

map of G onto G/H and mg/p = —<  For x € Ht we set p(y)(w(x)) = y(x)
mpy

where x € G. The dual map @ is a topological isomorphism of G/H onto H L Let

y be the canonical map of G onto G/H~. Then the dual map 7 is a topological

isomorphism of G/Hl onto Hll For h € H we set (o(h)(y(y)) = y(h) for
every y € G. Finally for y € G we also set ©(y(x)) = Resy x. By Hewitt and
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Ross ([67], p.242-246) we have

me
mHJ_

T mpy) = where mpy1 = 6(111@)

Observe that for © € M '(H) we have i@) = [loToy. We show that this relation
is verified forevery T € CV,(H).

Theorem 1. Let G be a locally compact abeliaAn group, 1 < p < oo, H a closed
subgroup of G, T € CV,(H), f € C¢, g e CH with f =i(T)and ¢ = T. Then
S0 = g(x(y(0)) mg-locally almost everywhere on G.

Proof. Let ¢,y € Cyo(G). We have

(el ) = (T Fel. 70Y) = [ FGRT (dme ).
G

On the other hand

(i (T)le). [¥]) = [ (Tlgssr). [Wo.sr)dme i (@(x)).

G/H

For every x € G we have

(Tlgwn]. We]) = [ ¢ OVmat O dm 5 (7).
H

consequently

(i (T)lg). [¥]) = / / ¢ DV (0 dmey @) | dm ;).

o \G/H

But for every x € G and every y € H we have

G OO Ven (1) = / x(h) ( f wx,H(h)wx,H(hh/)de(m) dmy (h),

H H
and thus

(i (D)g]. [v])

=[50 [ [xa0) ( / «ax.H(hwx_.y(hhf)dmﬁ(h)) dmyg (W) dme) @())dm 3 (2)

i G/H H H
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/ 40 / 2 () / ( / m(h)wxﬁ(hh’)dmﬂ(h)) dmgy @) dme (' ydm g ()

G/H

/ ¢ / 2 () ( / <P(X)‘/f(Xh/)de(X)) dmy ()dm g ()
H G

A

/ () ( / 20 (g * l/f)(h)dmﬂ(h)) dmg () = / s (Resu (o * 9 ()dmg (1)
A H A

[ et Resuto x N dmg s 000

G/HL

Taking into account that (Res H (@ * 1//”))’\01 = Tyi(p * Y)Y we get

([ (D)gl. [v]) = / g(f(V(x)))(THL(w*W)A)(V(X))dm@/m(y(x))

G/HL

- f g oON P (VT 0dmg ().

6
and therefore f(x) = g(t(y(x))) mp-locally almost everywhere on G.

Remarks. 1. For G = R and H = Z this result (together with the isometry of
Theorem 2 of Sect. 7.3) is due to de Leeuw ([74], Theorem 4.5, p. 377 ).

2. Theorem 1 is due to Saeki ([108], Corollary 3.5, p.417).

3. For the above proof cf [31] (Proposition 11, p. 60).

Corollary 2. Let G be a locally compact abelian group, H a closed subgroup of G
and g € LX(H). Then sp(gotoy) =sp & and |(gotoy)]loo = [I€]lco-
Proof. LetT = A5(g) (see Sect. 1.3, Definition 2). We have T € CV1(H), T = g

and sp T = (supp 7)~! by Theorem 3 of Sect. 6.1. By Theorem 1 gotoy € i (T},
The results then follow from supp i(T) = supp T (Theorem 3 of Sect.7.4),
Theorem 1 of Sect. 1.3 and Theorem 2 of Sect. 7.3.

Remarks. 1. We have sp(gotoy) C H.
2. See Reiter and Stegeman [105], Proposition 7.1.20, p. 198.
3. This corollary will be completed in Sect. 7.7.

7.6 The Image of the Map i

The essential result of the paragraph and one of the most important in the present
book is the Theorem 10 which says that each T € CV,(G) supported by H is an

i(S).
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Proposition 1. Let G be a locally compact group, H a closed subgroup of G, 1 <
p <ooand ju € M'(G) with supp(A (1)) C H. Then A% () = i (A} (Resu ).

Proof. We have u = lygu = i(Resyu). By the remark after Definition 7 of
Sect. 7.1, we get A (i) = i (A (Resp ).

Remark. For G abelian and p = 2 see Reiter and Stegeman ([105], Proposition
5.4.7,p.162.)

We intend to generalize Proposition 1 to all convolution operators of G.

Definition 1. Let G be a locally compact group, we denote by Ay (G) the linear

span of the set {r *S|r, s € COO(G)}.

Lemma 2. Let G be a locally compact group, 1 < p < oo, T € CV,(G) and
f € Ao (G). Then there is an unique g € C(G) N LP(G) with T[] = [g]-
n

Proof. It suffices to verify the existence of g. We have f = Z r;j*s; and therefore

j=1
TIf] = Yol * Tls;] = X ioi[rj * ;] with ¢; € T[s;]. Thenr; * ¢; €
C(G)NLP(G),andso T[f] = [g] with g = > " r; * ¢;.

j=l

Definition 2. The function g of Lemma 2 is denoted by ar, s .
Lemma 3. Let G be a locally compact group and 1 < p < oo. Then

1. (T, f) v~ ar,s is a bilinear map of CV,(G) x A (G) into L?(G);
2. ar, = y(ary) forx € G.

Definition 3. For f € £L>*(G), 1 < p < oo and for every ¢ € LP(G) we put
Mylpl = [of].

Proposition 4. Let G be a locally compact group, H a closed subgroup of G,
1l < p<oo S e CV,(H)and [ € L®(G/H, mg/u). Then i(S)oM o, =
M o0 (S).

Proof. Let ¢,y € Cyo(G). For x € G we have

Sow g
ql/P

gox,H
)X’H = f(w(x))—(q]/p)xﬂ .

By Theorem 5 of Sect. 7.2

(M et tvl) = [ f(w(x))<5[(q%) HH(QI%) Hdec/H(w(x))

G/H

L) o

G/H
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- LG, ). o

= (i(5)lg). [Fow 1) = (fo0i ()¢]. 1) = (M 00 ((SDl). [¥1]).

‘We now need the notion of carrable set. We refer for this notion to Dinculeanu
[34], Chap. 5, Sect. 6.1, p. 362.

Lemma 5. Let G be a locally compact group, H a closed subgroup of G, 1 < p <
ocand T € CV,(G) with suppT C H. For every open relatively compact and
mg,u-carrable neighborhood V of é we then have T°M1w—1(v) = le—l(V)"T'

Proof. Let f = 1,-1y)and ¢ € Coo(G).
(D) If suppp C 0™ 1(V) then TM s[p] = M /T [g).

We have f¢ = ¢. Let W be an open neighborhood of ¢ in G with (supp )W C
o~ (V), and n > 0. There is ¢ € Coo(G; R) with suppy C W and

Ui
N,(p — P —

We have supp(¢ * ) C @~ ! (V). From Lemma 1 of Sect. 6.4 we get
supp (T([(p * 1//])mc) C o '(V), and consequently supp argsy C o (V).
This implies
far sy = argpxy and therefore M T [p * ] = T[gp * ¥r].
From f(¢ * ¥) = ¢ x ¢ it follows TM r[p * ] = T [¢ * ] and finally
MyTlp+y] = TMy[p * ]

Then
ITMs([]) = MsT (@D, <20TN, Np(p — ¢ x ¥) <.

(D If (suppp) N~ 1 (V) =@ then TM s[p] = M ;T [p] = 0.

There is Z; open neighborhood of supp ¢, with Z; N o~ (V) = @. There is
Z, open neighborhood of e in G with (supp¢)Z> C Z;. Let n > 0. There is
Y € Coo(G) with suppy C Z; and

n

N — _—
A T Ty

We have farg+«y = 0. Suppose indeed the existence of x € G with
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f(x)aT,ga*]//(X) # 0.

Then x € @™ (V) and x € supparg«y. We have x € supp ((T[(p * W])mc) then

x = zh withz € Z; and h € H. This implies z € Z; Nw~!(V), a contradiction. We
obtain that M ; T'[¢ * ] = 0. The inequality | M ;T [¢]||, < n implies M (T [p] =
0. Finally from f¢ = 0 we deduce M s[¢] = 0 and TM s[p] =0.

(1) TM [p) = M, T[g].

Let K = suppg and e > 0. We have mg (K N Fr(w~'(V))) = 0 becauseis V is
carrable (for A subset of a topological space X FrA denotes the border of A). There
is therefore U, open relatively compact subset of G with K N Fr(w™'(V)) C U,
and

gp

U .
melU) < s IT1,) (1 + Neo())”

Choose:

1. U, open subset of G such that U, is compact, K N Fr(w~'(V)) C U, and
Uz c U,

2. U; open subset of G with K \ (o™ (V) U U,) C Usand Us N~ (V) = 0,

3. Uy open subset of G with K \ (™' (V)UU,) C Uy C Uy, C Us and Uy
compact,

4. Us open subset of G with Us compact and

(K n a)—‘(V)) \U, c Us c Us C w1 (V).

Then K C U, U Uy U Us. Hence there is 1, 4, T5 € Coo(G) with :
1.0<7t; <lgforje{2,4,5},
2. 7;(G\U;) =0for j € {2,4,5},
3. Resg(tp + 14 + 15) = lg.

Let gy = 129, 94 = Tap and @5 = 15¢. We have ¢ = @2 +¢4+¢s, suppgs C U,
supp ¢4 C Uz and supp ¢s C 0~ (V). From Us N0~ (V) = @ and (II) we get

TMylps] = M;T[gs] = 0.
From (1) and supp ¢5s C @~ (V) we have

TMylps] = My T|ps),

this implies
TMylpl — My Tlpl = TMs[pa] — My T[g2]
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and therefore

ITM¢[p] = M;T[o]ll, = 20Tl , Np(g2) but
(C/‘p

No(@2)” = Noolg)'ma (W) < 25—y

and finally
ITMslo] =M Tle]ll, <e.

The following two assertions are straightforward.

Lemma 6. Let G be a locally compact group, H a closed subgroup, ¢ € Coo(H)
and U an open neighborhood of supp ¢ in G. Then there is W € Coo(G) with
Resyyr = ¢ and suppy C U.

Lemma 7. Let G be a locally compact group, H a closed subgroup, f € Cy(G),
1 < p <oo, &> 0andU an open neighborhood of e in G. Then there is V open
neighborhood of e in G such that:

i.vcu,
ii. Foreveryu € Cy(G) withu > 0, suppu C V, and / u(y)dy = 1 we have
G

N,,(Rest—ResH(u* f)) <e.

Lemma 8. Let G be a locally compact group, H a closed subgroup, 1 < p < oo,
e > 0,9 € Co(H) and let w € (0,00)¢ be continuous on G. Then there is
r,s € C()()(G) with

N, (go — Resy (w(r * s))) <e.

Proof. Let U be a relatively compact neighborhood of supp ¢ in G. By Lemma 6
there is s € Coo(G) with supps C U and

Resys = .
Resyw

There is V open neighborhood of e in G with V supp¢ C U. By Lemma 7 there is
r € Coo(G; R) with suppr C V and

N, (ResHs — Resy(r s)) <

&
m

where m = max {w(x)‘x € U}. But

h
/ lo(h) —w(h)(r = s)(h)|?dh = /w(h)” % —(r*s)(h) "an.
H

H
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From supp(r x 5) C U we get

[ iy

H

p

v(h) dh < m”/ Is(h) = r % s(h)|?dh
H

w(h)

— (r#5)(h)

and consequently
N, (go — Resy (w(r * s))) <e.

Proposition 9. Let G be a locally compact group, H a closed subgroup and 1 <
p < oo. Then:

1. {ResH(r * s)\r,s € COO(G)} is dense in LP(H),
rxs

2. {ResH (W) r,s € COO(G)§ is dense in LP (H),
q

3. {ResH (ql/p(r * s))

Theorem 10. Let G be a locally compact group, H a closed subgroup, 1 < p < 0o
and T € CV,(G) withsuppT C H. Then thereis S € CV,(H) withi(S) =T.

rs € COO(G)} is dense in LV (H).

Proof. For f,.g € Aw(G) we have ar sg € Cyp(G) and consequently Resy
(ar,rg) € Coo(H). Forevery f, g € Ayw(G) we put

Alf g) = /GT,f(h)Mdh.
H

Then A is a sesquilinear form on Agy(G) X Ago(G) with
At g) =Af 1m18)

forevery h € H (see Lemma 3).

(D First we prove that we have

s v
A 4 P/
acol=im, | [ L0 H/|g<h)| a(h)
forevery f. g € Ayw(G).
Let
VAN ”
— 4 ?/p
sl ! 51 g
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Lete > 0 and

&
2L+ 0T, ) (1 + A+ B)

0<8<min{1

There is @ € (0, 8) such that |a? — A?| < §? for every a € [0, co) with |a — 4] < «
and |b?' — B’ | < § forevery b € [0, 00) with |b— B| < a. There is U, a relatively
compact open neighborhood of e in G such that for every x € U; we have

/

There is also U, relatively compact open neighborhood of e in G such that for every
x e U 2

Np ((ql%) — Resy (ql%)) <o and Ny ((ql/"g)x,H—ResH (ql/ﬁg)) <a.
x,H

According to Dinculeanu [34] (20.36 Proposition, p. 362) there is V' open neighbor-
hood of é in G/H m¢ p-carrable with V' C w(U;) N w(U,). We have

ar.; (xh)g(xh) — ar, f(h)M‘dh <5

A(fg) <8+ [ Ty(ar., §)E)dmem()|.

14

1
meu(V)

But

1 . .
i V/ Ty(ar.; 3)()dmeyn (i)

dx

_/ Ly=10vy (%) az,f (x) 1=109y (%) g(x)gq (x)
B meu(V)Vr me (V)P

=<M]a)_1(V)[an]’M‘m—l(V)[qg]>:<M =1 T[f],le_l(V)[qg]>

G/ ()P me NP G/ (V7P ey WYY
By Lemma 5
1 N .
DN TH (aT.f g)(x)de/H (X) ={TM lwfl(v) [f]’ M lw*l(V) [qg]
ma/u (V) el UG
v mgu (V)P me g (VP

and therefore
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1 S o) 89 lo—1(v)
< ||, ;N N, - 1.
i, p(mG/H(V)l/p 7'\ g (V)77

mg/a (V)

/ Ty (ar.; )@ dmeyu (3)
14

Now we show that
S lo=10y
N,| ————— | <8+ A.
p(mG/H(V)l/p *
We have indeed
floiy ) 1 f
N = (T_ p))'cdmg X
"<mG/H<V>1/P ey ) Tl 1) @dmern )

o
mgyua (V)

+47

[ (Fual717) Codman ) — [ (Tu £17)@dmeu i
<8P + AP sv(s + AP, )

Similarly
g8q1lu—1(v)
Ny| ——+ ] <é§+ B.
"(mG/H(VW i
Thus

&
A(fg)l <5 +8(A+ B+ DITI, +ITI, AB <&+ T, AB.

(II) Next we prove that for some S € CV,(H ) one has

AR ) [

forevery f,g € Ao (G).
By Proposition 9

Resy (#)‘ f € Aw(G)

is dense in £L7(H) and {ResH (gql/l’)‘g € AOO(G)} is dense in £7' (H). By (I)
there is S € L(L?(H)) such that

ol ) )

for every f, g € Ao (G).
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Let f,g € Aow(G) h € H and

I = <Sh |:ResH (ql%):| |:ResH(gq1/p):| >
f 1 nf
' (R”H (W) ) = aW g e (cT/P)

We have indeed for every h; € H

S (hhy) 1 f(hhy)

q(hh)''7 — q(h)V/Pq(e)'/? q(hy)'/»”

We have

Therefore

1
I = W/\(hf, g)

f 1
= <S[R€SH (m)], [WRESH (h_lgql/P):|>.

1
q(h)'/rq(e)=1/r

From
Resp (,-189"7) =) (ReSH (gql/p)>

we get

ol s o] )

(ITI) We have i (S) = T.
Let f,g € Ap(G). For x € G we have , f, ,g € Ay(G). Using Lemma 3 we

get
/ HR(_f)] [R“”( “'/P)de“”m
ql/P 9 X
G/H

- / Ao, vg)dman () = / Ty (ar.; ) dmeyn (%)

G/H G/H

— [[ars sCaedx = (lar1.leal) = (7171 leal).

G
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Using
«f 1 «f
(ke (375)) = s e (55)
and
1 x8 x4
st rgieyre e (wsa'"7) = Resu ( xq”f”)
we obtain
S g9 .
T[f]. [gq]) = <S[(—> } [(—) de(;/y(x)
< > G//H ql/P H ql/P H
and finally

(111 lgal) = (i(5)111. 184

Remarks. 1. This result is due to Lohoué ([83], [85], Théoreme 5, p.190). The
special case of discrete subgroups of an unimodular locally compact group G
and of T € PM,(G) with suppT C H is in [84], Proposition p. 792. Lohoué’s
approach is based on the use of distributions (in the sense of Bruhat for general
locally compact groups [13]). It requires the solution of the fifth Hilbert problem
[95].

2. See also Anker [2], Théoreme 6, p. 631 and [1], Théoreme IV.7, p. 110.

7.7 First Applications: The Theorem of Kaplansky—Helson

We can now complete Theorem 1 and Corollary 2 of Sect.7.5. We recall that for
g € L®(H) wehave sp((gotoy)) C H.Conversely the following result is verified.

Theorem 1. Let G be a locally compact abelian group, H a closed subgroup and
S € L2(G) with sp(f) C H. Then there is g € L¥(H) such that f(x) =
g(t(y(x))) mg-locally almost everywhere on G.

Proof. Let T = Ag(f), then T € CVa(G), f € T and sp(f) = (suppT)~".
By Theorem 10 of Sect. 7.6 there is S € CV,(H) withi(S) = T.Let g € S. By
Theorem 1 Sect.7.5 we have f(y) = g(z(y(x))) mg-locally almost everywhere
onG.

Remark. This result is due to Reiter ([103], Lemma 1.2., p.554). For f € C”(G)

see [102], Theorem 2, p.257. See also Reiter and Stegeman ([105], Corollary
7.3.13).

Theorem 2. Let G be a locally compact abelian group and H a closed subgroup.
Then g +— (gotoy) is an isometric Banach algebra isomorphism of L°°(H) onto

{f e Lw(a)]spf c H}.
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Remark. Using invariant means on H-, Herz ([55], 5.12. Theorem, p.220) 5.12.
Theorem, p.220) and Gilbert ([49], 4.1. Lemma, p. 84) proved the existence of a
projection P of L°°(G) onto L°°(H) such that

P(f *u) = (Tyr f)or "+ P(u)

for every f € Ll(a) and every u € L°°(@). Even for G = Rand H = Z the
result is deep: P is a periodization map of L°°(R) onto L°°(T). Let now G be a
noncommutative locally compact group and H a closed subgroup. Suppose that H
satisfies one of the following conditions: H is normal or open or amenable. Then
by [32] (Theorem 15) there is a projection P of C V,(G) onto CV,(H) with

P(uT) = ResyuP(T)

for every u € A,(G). However there is no projection of CV,(SL(2,R)) onto
CVr(SL(2,72)) ([3], p- 382, Remark 2.)

Theorem 3. Let G be a locally compact abelian group, H a closed subgroup, 1 <
p <00, g € CH and f = gotoy. Then the following properties are equivalent:

~

1. Thereis S € CV,(H) with g = S,
2. Thereis T € CV,(G) with f =T.

Proof. 1. Implies 2. indeed, according to Theorem 1 Sect. 7.5, f = i@).
2. Implies 1. ]
We have spf = (suppT)~!and g € L® (ﬁ). By Corollary 2 Sect. 7.5 sp f =
sp((gotoy)) = sp(g). Consequently supp7 C H. By Theorem 10 of Sect.7.6
there is S € CV,(H) with i(S) = T. Let g’ € S, by Theorem 1 Sect. 7.5 f(y) =
gxy(yp)) m ¢-locally almost everywhere on G. Tt follows that g = g
m g-locally almost everywhere on H . Then g= S.

Remarks. 1. For G = R and H = Z Theorem 3 is due to de Leeuw [74] (Theorem
4.5,p.377).

2. Theorem 3 is due to Saeki [108] (Corollary 3.5, p.417 ). This result was also
obtained by Lohoué in [80] for g € C (ﬁ ) (Théoreme 1.2, p.20) but for a
far more general situation: instead of the inclusion of a closed subgroup H
into G, Lohoué studied the continuous homomorphisms of a locally compact
abelian group G into a locally compact group H. For related results see also
Lust-Piquard [89]. The non commutative case has been recently investigated by
Delmonico [26]. For G a Lie group, Delmonico associated to every element of
the Lie algebra a linear continuous map of C'V,(R) into CV,(G).

Lemma 4. Let G be a locally compact group, 1 < p < ocandT € CV,(G). Then
for every a € G we have supp(A%(8,)T) = (supp T)a".
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Proof. Let x ¢ (supp T)a~". There is U, neighborhood of e and V, neighborhood
of xa with <T[<p], [W]} = 0 for every ¢, ¥ € Cy(G) with suppp C U and
supp ¥ C V. Let W be a compact neighborhood of x with W C Va~!. Let now
@,y € Cyo(G) with suppp C U and suppyy C W. Then

(1860 Tl 1) = (Tle) A% G, 1) = (Tlel. [ A @)

but supp ¥,—1 Ag(a~")"/?" C V and therefore <A’é(5a)T[<p], [1/f]> = 0, consequently
x ¢ supp(A4(8,)T). This proves that supp(A%(8,)T) C (supp T)a~" consequently
suppT = suppAo(8,—1A0(8,)T) C (suppAl(8.)T)a hence (AL(8,)T) =
(suppT)a~".

As a main consequence of Theorem 10 of Sect.7.6 we obtain the following
generalization of the theorem of Kaplansky—Helson.

Theorem 5. Let G be a locally compact group, 1 < p < 0o,a € Gand T €
CV,(G) withsupp T = {a}. Then there isa € C witha # 0 and T = aAf(8,-1).

Proof. Suppose first a = e. By Theorem 10 of Sect. 7.6 there is S € CV,(H) with
i(S) =T and H = {e}. Thereisa € C witha # 0and S = « idL{’E(H)- Clearly
for ¢, ¥ € Cpo(G) and x € G we have

(o). W) = 00V )

this implies
(riol. 1) = (i)l ) =@ [ oG = affel. v1)
G

and therefore 7 = o id LL(G):

In the general case we have supp(AL (8,)T) = {e} according to Lemma 4. There
isa € C witha # 0and A% (8,)T = « id;» (), and therefore T = aAf (8,-1).

Remarks. 1. Theorem 5 is due to Herz ([61], p. 101).

2. Considering the case supp 7 = @, we also obtain a second proof of Theorem 3
of Sect. 6.3.

3. The above proof is essentially due to Anker ([1], Remarque 3) p. 111).

4. For G = R and p = 2 this result is due to Beurling [5]. See the clarifying
discussion in [52].

5. For p = 2 and G a general locally compact abelian group, the theorem has been
obtained by Kaplansky, using the structure theory of locally compact abelian
groups ([71], Applications: (1), p. 135) and by Helson without the use of this
structure theory ([53], Theorem 1, p. 500).

6. For p = 2 and G a general locally compact group, the theorem has been obtained
by Eymard ([41] (4.9.) Théoreme, p.229).
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We are now able to give a description of the convolution operators with finite
support.

Theorem 6. Let G be a locally compact group, 1 < p < oo and T € CV,(G).
Suppose that supp T = {ay,...,a,} withn > landay, ..., a, distincts. Then there
isay,...,on € Cwithay #0,...,a, # 0and

T = Za,-xg(éaj_l).

Jj=1

Proof. Let Uy,..., Uy, Vi,...,V, be open subsets of G witha; € V;, 7, c Uy,
U; relatively compactfor 1 < j <n, U NU; =@ fori # j.Forl < j <n
there is also 7; € A,(G) N Coo(G; R) with 7;(x) = 1 onvjand suppt; C U;. By
Theorem 2 of Sect. 6.2 we have supp ;T = {a;}. Let v be an arbitrary element of

n
Ap(G). Then v — Z ;v = 0on V; U... UV, by Proposition 4 of Sect. 6.3 this

j=1
implies
n

(V—thv)T =0 and V(T—iro) =0,

=1 Jj=1

consequently

n n
supp (T—ZIJT) =0 ie. T=) yT
j=1 j=1

Theorem 5 permits to finish the proof.

7.8 A Restriction Property for 4,

Theorem 1. Let G be a locally compact abelian group and H a closed subgroup.
Then for every u € A>(G) we have Resyu € Ay(H) and |Resgul 4, < |Ju]| 4,

Proof. We prove at first that for f € Coo(@) we have

D, ([(THJ_ f)ot“]) = Resy (%([f]))

(we use the notations of Sect.7.5).
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For h € H by definition

%([(THLf)or“])(h) - / (Ty £) ™ () )y
A
- / (Tye £ DD (hd j = / (Tye £ Do (D 7

G/HL G/HL

_ / FCOxydy = o4 ().

Let u € A(G), f = ngl(u), g € f and (g,) a sequence of Coo(@) with
Ni(g — g,) — 0. Forevery n € N we have

[ Resuu— @5 ((Tys £)er)| = | Resu(@6(U1D) = Resn (5(2D) | _
) (@4 (T giler™)) = (@4 (T Sl )| = 2Mig = g0
Consequently
Resyu = (T @7 w)sr™).
We generalize now this result to every 1 < p < oo and to every locally compact

group.

Theorem 2. Let G be an arbitrary locally compact group, H a closed subgroup
and 1 < p < oo. Then for every u € A,(G) we have Resyu € A,(H) and
[Respulla,y < llulla,o)-

Proof. To begin with we prove that if u = ¥ %[ where k,l € Coo(G) then Resgyu €
Ap(H) and [[Respulla, < Np(k)Ny ().
Letr = 1,k and s = 1,71. For h € H we have

Ac(h)l/p’ / (/ Sh(th)(;(hy/;l/)dh_) dmgu(y)

G/H \H

- fofin) ) Jpmens

G/H

uh) = (28 @151, 1rD)

For y € G/H let

womn= (o), } ().,
y.H y.H
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then L(y) = f(y) % g(y) where

r N
0=u((),,) = ow==((G7),)

We claim that L is a continuous map of G/H into A,(H).
Let yo € G and ¢ > 0. We may (see Lemma 8§, Sect.7.1) choose U, open
neighborhood of y, in G, such that for every y € U
(77),.,)
7 n
ql/ﬂ yo.H

r r N
N (—) —(—) <n and Ny (—,) —
p( ql/ﬁ v H ql/P Yo H P ql/P v H

where

&

(ol ) o () L)

For every y € w(U) we then have || L(y) — L(Yo)|l4, < &.
On the other hand

0<n<minyl,

*

[ VLGN L4, dmey () < f N (FO) Ny (g (0 dmey i ()

G/H G/H
1/p 1/p

< /Np(f(y))Pde/H(y') /Np<g(y>>P’de/H(y‘> = Ny (k) N (D).
G/H G/H

Then L € LY(G/H; A,(H), mg/u). Letv = / L(y)dmg/u(y), we have v €
G/H
Ap(H) (see Sect.3.3). Forevery h € H v(h) = / L(y)(h)ydmgu(y) = u(h)
G/H
and therefore Resyu € Ap(H) with [[Resyulla, < Ny(k)Ny (1).

Next for ky, ..., ky, l1,..., 1, € Coo(G) and u = sz * lvj we get Resyu €
j=1
Ap(H)and

|Respulla, < Z Np(kj)Np (1))
i=
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Finally let u be an arbitrary element of 4,(G). Let ¢ > 0. By Proposition 6 of

o0

Sect. 3.1 there is a sequence (k,) and a sequence (I,,) of Coo(G) with u = Z En * lvn
n=1

and

)
ZNp(kn)Np’(ln) < ”u”Ap +e.

n=1

n

Let foreveryn € N 5, = ZEJ' * lvj. One has Resys, € Ap(H).Forn’ > n we
j=1

also have

IResysy — Respswla, < Z N, (k)N (1)).
j=n+I1

There is consequently v € A,(H) with lim ||v — Resysy|l4, = 0. But lim [lu —
Sulloo = 0 and therefore v = Resyu, this implies Resyu € A,(H) and
[Respulla, =lim|Resysy| a,. Foreveryn € N we have

o0
IResmsulla, <Y Nplk; )Ny (L))
j=1
consequently [|Respulla, < ||ulla, + &.

Remarks. 1. This result is due to Herz ([57], p.244 and [61], Theorem 1 a, p.92
and p. 107). We have followed [23]
2. By Theorem 4 of Sect. 3.3 we have v(Resyu) € A,(H) and

Iv(Respu) ||,y < IVlla,cmllulla, )

for every v € A,(H). Theorem 2 is a much stronger result.

Scholium 3. Let G be an arbitrary locally compact group, H a closed subgroup
and 1 < p < oo. Foreveryr,s € Coo(G) and every y € G we put

r N
0=a((577),,) w0 0= ().,
Then:

1. / TO) #1 gy dmeyu () € A, (H),
G/H

2. Resy(F g ¥) = / FO) #4 g()dmeyu ().
G/H
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Theorem 4. Let G be an arbitrary locally compact group, H a closed subgroup
and1 < p <oo,and S € PM,(H), then:

1. i(S) € PM,(G),
2. (u i(S))Ap’PMp = (ResHu, S)A,,,PMp forue A,(G).

Proof. We put
F(u) = (Resyu, S)

Ap.PM,

forevery u € A,(G). By Theorem 2 F € A,(G)’, by Theorem 6 of Sect. 4.1, there
is T € PM,(G) with
Fu) = (u, T)

A,.PM,
forevery u € A,(G). Now letr, s € Copo(G), we have

(@7 < pnnt), = (70 01) = (Resn (50 5 () 5)

Ap PM, A,.PM,

But according to Scholium 3

<ResH (rp_r * (rp/s)v>, S>
A, PM,

- | <s[<m) H(W) decm(y')=<z'(S>[r1,[s]>.
G/H 1 v.H 1 yH

This implies 7 = i(S) and consequently T € PM,(G).

In full analogy with the case of L'(G) (see [105], p.231), Herz proved the
following Theorem ([57], Théoréme p. 244 and [61], Theorem 1b, p. 92).

Theorem 5. Let G be a locally compact group, 1 < p < oo and H a closed
subgroup of G. Then Resy maps A,(G) onto A,(H). We also have:

1. Foreveryu € A,(G)
||ResHu||Ap(H) = inf{||u + V||Ap(G))V € Ap(G), Resyv = 0},

2. For everyu € A,(H) and for every & > 0 there is v € A,(G) with Resyv = u
and

IVlla,6) < (1 + e)llulla, -

Proof. For every u € A,(G) we put ¢(u) = Resyu. According to Theorem 2 ¢ is
a linear contraction of 4,(G) into A,(H). For § € PM,(H) we have

(P (8)) = WG (5))
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where W, is defined in Sect.4.1. From Theorem 2 of Sect.7.3 it follows that ‘¢
is an isometry of A,(H)" into A,(G)" and therefore that ‘¢(A,(H)’) is closed in
A,(G)'. Consequently ¢(A4,(G)) = A,(H). By 1 Lemma p. 487 of [38] there is
K > 0 such that forevery u € A,(H) thereis v € A,(G) with ¢(v) = u and

IVlla,6) < Kllulla, ).

Let Wy = {T € PM,(G)|W(T)(u) = O forevery u € Kemp}. Then we have
i(PM,(H)) = Wy.
Indeed for S € PM,(H ), the relation

WE(i(S))(u) = Wh (S)(p)).

implies i (S) € Wy. Conversely let T € Wy. Forevery u € A,(H) we set

fw) = Ye(TH()

where v € 4,(G) with Resyv = wand ||| 4,G) < K|ul4,m). Then f € A,(H)
and consequently there is S € PM,(H) with f = W7 (S). We obtain T =i (S).
Let 7 be the canonical map of A4,(G) onto A,(G)/Kergp. For S € PM,(H) we
put
e(S)( () = W5 (i(S))(u)
forevery u € A,(G). Then ¢ is an isometry of PM,(H) onto (A,(G)/Kerg)'. This
finally implies (1) and (2).

Remarks. 1. The fact that for every u € A,(H) there is a v € A,(G) with
Respyv = u, was also obtained, independently of Herz, by McMullen in [93],
p-47 (4.21) Theorem.

2. For the above proof, see Delaporte and Derighetti [23].

3. For G and H both unimodular, assuming moreover that H is amenable, Fiorillo
obtained recently a much stronger extension theorem [48].

7.9 Subgroups as Sets of Synthesis

Definition 1. Let G be alocally compact groupand 1 < p < oco. A closed subset F
of G is said to be a set of p-synthesis in G if for every u € A,(G) with Respu = 0
and for every ¢ > O thereisv € A4,(G) N Cyo(G) with suppv N F = @ and with
lu—vlla, <e.

Theorem 1. Let G be a locally compact group and 1 < p < oo. Then:

1. The empty set is a set of p-synthesis in G,
2. Every finite subset of G is a set of p-synthesis in G.



142 7 Convolution Operators Supported by Subgroups

Proof. The statement (1) results from Corollary 7 of Sect.3.1. Let ay,...,a, be
distinct elements of G, u € A,(G) with u(a;) = Ofor1 < j < nande > 0.
We will prove the second statement by using a slight modification of the proof of
Theorem 2 of Sect. 4.3 (which is in fact the statement for n = 1).

Thereis w € A,(G) N Cyo(G) with

[ —W||Ap < n\/r

and V' an open neighborhood of e in G such that for every x € V

&
||W—Wx||Ap < m

Let W be an open relatively compact neighborhood of e in G with W C V and
a;WnaW =40

for 1 < j,h < n with j # h. Let K be compact subset of W with m(K) >
m(W)/2. Consider

1x

=—— I= wl,.w and v=wxk — 1 xk.
m(K) ; /

We have lu—v|l4, < &/6+ |w—vl4, and [[w—v]a, < [w—w*k|a, + 1] k|4,
with [[w —w* k|4, < e/6. We have

1 2
m(K)? = m(W)i/r

Np’(k) =

and
n

N0 =3 [ weoras.
/ = la./' w
Taking in account that

w(y)| < 3n/r

forl <j<nandye€a;W we get
€ 1/p
Ny(D) < gm(W)

and |[u —v|[4, < &. Choose finally Z open neighborhood of ¢ in G with ZK C W,
it suffices to verify that the function v vanishes on
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LnJajZ

J=1

to conclude the proof.

Lemma 2. Let G be a locally compact group, F a closed subset of G and 1 < p <
o0. Then the following statements are equivalent:

1. Fis a set of p-synthesis in G,
2. For every u € A,(G) with Resru = 0 and for every T € PM,(G) with

suppT C F we have (u.T), . =0.
P P

Proof. Suppose that I is a set of p -synthesisin G. Lete > 0. Thereisv € 4,(G)N
C()()(G) with

€
=l =< )
and suppv N F = 0. We obtain |(u, T)AP’PMpi <e+|(v, T)AP.PMP | Proposition 7
of Sect. 6.3 implies |(u, T)AP.PMp| < &. We get therefore (i, T)Ap,PMp =0.

To prove the converse, assume that the set I is not of p-synthesis. Let B the
closure in 4,(G) of {v‘v € A,(G) N Cyo(G),suppv N F = 0}. Then there is u €

Ap(G) \ B with Respu = 0. By Theorem 6 of Sect. 4.1 and the theorem of Hahn—
Banach there is T € PM,.U(G) with (u, T)AP’PMp # 0 anfi (v, T)AP’PMP = 0 for
every v € B. The last condition and Theorem 1 of Sect. 6.2 imply that supp 7T C F'.

The existence of u contradicts (2).

The fact that every closed subgroup of a locally compact abelian group is a set
of synthesis, is a famous result due to Reiter [104] (Corollary p. 146) and [102],
Theorem 4, p.259. In this paragraph we investigate whether the corresponding
property is verified for noncommutative groups.

Lemma 3. Let G be a locally compact group, H a closed subgroup of G and 1 <
p < o0. Then the following statements are equivalent:

1. H is a set of p-synthesis in G,
2. Forevery S € CV,(H) withi(S) € PM,(G) we have S € PM ,(H ).

Proof. Assume first that H is a set of p -synthesis in G. Let § € CV,(H) with
i(S) € PM,(G). Taking in account Theorem 5 of Sect.7.8, Lemma 2 and the
relation suppi(S) = supp S (Theorem 3 of Sect.7.4) we put for u € A,(H)
fu) = (v,i(S))Ap pu, With v € A,(G) such that Resyv = wand |v]4, <
2||ull4,. From f € A,(H)" it follows the existence of S; € PM,(H) with
fu) = {u, Sl)A,,,PM,, forevery u € A,(H).

Let v be an arbitrary element of 4,(G). We have (v, i(S))Ap.PMp = f(Resyv) =

(ResHv, SI)A,,.PMP' But (ResHv, Sl)A,,,PMp = (v, i(Sl)>A,,,PMp’ consequently i (S)
=1i(S1),S = S;then S € PMP(H)
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Suppose now that the condition (2) is satisfied. Let u be an element of 4,(G)
with Resyu = 0 and T € PM,(G) with supp7 C H. It suffices to verify,
according to Lemma 2, that (u T) APy, = 0. By Theorem 10 of Sect. 7.6 there

pMp

is S € CV,(H) with i(S) = T. By our hypothesis and by Theorem 4 of Sect. 7.8

(i T)AP.PMP = (M’I(S))A,,,PMP = (Resuu. S)AP.PM,? = 0.
The following is a generalization of Reiter’s result.

Theorem 4. Let G be a locally compact group and H an unimodular closed
subgroup of G. Then H is a set of 2-synthesis in G.

Proof. According to the approximation theorem (Remark 2 after Definition 2 of
Sect.4.1) PM,(H) = CV,(H). The preceding lemma permits to conclude.

Remark. If we admit the approximation theorem for all locally compact groups,
then Theorem 4 is verified for every closed subgroup of G.

For p # 2 the situation is more delicate!

Theorem 5. Let G be a locally compact group and H a closed amenable subgroup
of G. Then for every 1 < p < oo H is a set of p-synthesisin G.

Proof. By Corollary 3 of Sect.5.4 we have CV,(H) = PM,(H). As above
Lemma 3 permits to finish the proof.

Remarks. 1. Theorems 4 and 5 are due to Herz [61]. There are no general results
for nonamenable subgroups. However Herz proved in [61] (Proposition 1, p. 92)
that normal or open subgroups are sets of p -synthesis. Delaporte and Derighetti
obtained the p -synthesis for a larger class of nonamenable subgroups in [24]
(Corollary 4, p. 1432).

2. Herz introduced in [61] the following notion: a closed subset F' of G is said to
be of local p-synthesis if for every u € A,(G) N Coo(G) with Resgu = 0
and for every ¢ > O there is v € A,(G) N Coo(G) with suppyv N F = @
and with [u — v|[4, < e. If every element u of A,(G) belongs to the closure
of uA,(G) in A,(G), then clearly every set of local synthesis is a set of
synthesis. Consequently ( see Theorem 4 of Sect.5.4 ) in amenable groups
every set of local synthesis is of synthesis. Herz proved in [61] that every closed
subgroup, of an arbitrary locally compact group, is a set of local p-synthesis. For
complementary results see Lohoué [82] and Derighetti [30].

3. The question whether, for a general locally compact group G, every u of A,(G)
belongs to the closure of uA4,(G) is presently out of reach, even for p = 2. See
the notes to Chap. 5 for a list of nonamenable groups including SL,(R) having
this property for p = 2.

4. If for the closed subgroup H of G PM,(H) = CV,(H) then H is a set of
p-synthesis in G.



Chapter 8
CV,(G) as a Subspace of CV»(G)

We extend to amenable groups the relations CV,) C CV2(G) and A>(G) C
A,(G).

8.1 A Canonical Map of L(L?(X, n)) into E(Lf,’i(X, w))

Theorem 1. There is:

1. A Hausdorf{f space Z,
2. A probability measure v on Z,
3. A sequence (hy) of complex continuous functions on Z, such that

1. h, € LP(Z,v) for every n and for every 1 < p < 00,
2. /hm(y)h,,(y)dv(y) = Op.n for every m,n,

z
3. v » 1/p N 1/2 b2 1p
[ amm| am | = (Z |an|2) r(47)
7 n=1 n=1
foreveryay,...,ay € Candevery1 < p < oo.

o0
Proof. Foreveryn € NweputZ, = C, Z = 1_[ Z, with the product topology
n=1
and g, (y) = y(n) forevery y € Z. We define the Radon measure v, on Z, by
1 ,
])”((p) = E / / (p(x + l'y)e—(xz-i-}z)/dedy
RxR
fOI‘qD € CQ()(Z,,).
A. Derighetti, Convolution Operators on Groups, Lecture Notes of the Unione 145

Matematica Italiana 11, DOI 10.1007/978-3-642-20656-6_8,
© Springer-Verlag Berlin Heidelberg 2011
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Consider on

F={Br..BolneN B B e N B <<l

the partial order defined by the inclusion.
Forevery J = (Bi,...,Bs) € F we put:

Zy=Zg XX Zg,,

1
vy =g @ Q@ vg,
and

i) = (B1),....v(By) forevery y € Z.

Finally let v be the unique measure on Z such that p;(v) = v, forevery J € F
(see [9], p. 54.)

N P
Forag,...,ay e Cand1 < p <ocoweput f = Zangn . We have
n=1
1 N p
_ - . —(x 2+ 2)/2
[ 1o = e [ i) e
z gav =1

N e_(x12V+y%l)/2dxldy1 .. d_deyN

Suppose (a1, ...,ay) # (0,...,0). Choose A € L(C") with A4 = id¢c~ and

4! —<OTIW) — (1,0,.

£e)

..,0).

n=1
We have
| _ L
[f(y)dv(y) = @0 [ ((Xl + iy, xy +iyn). Alar, ..., OlN)>
VA R2N
<(X1 +iy1, ..., xy +iyn). (x1 iy, ... xn +iYN)>
X exp— 5 dxldyl "'d)CNdyN

21

N /2
(Z |an|2) N " +2
= =t 7 /(X]2 + Y]z)p/ze_(xlz—‘ry‘z)/de]dyl = (Z |Oln|2) 2[7/2 F(pT)
n=1

R2

&

V2

The sequence (h,) with h, = has the required properties.
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Remarks. 1. This result is due to Marcinkiewicz and Zygmund ([92], p. 117 ) for
o, ..., 0, € R,

2. Our presentation is inspired by the book of Defant and Floret ([22], p. 99-100).

3. Theorem 1 implies the existence for every 1 < p < oo and every separable
complex Hilbert H space of a linear isometry of H into L?(Z, v).

As in paragraph 3.3, X denotes a locally compact Hausdorff space, p a positive
Radon measure on X and (V, ||||y) a complex Banach space. Let | < p < oco. Then
for f € LP(X, ) and v € V we have fv € L (X, ). Let Ny be the set f € V¥

for which {x € G‘f(x) # O} is u-negligible.
Definition 1. For f € L”(X, ) andv € V we putfv = rv+ Ny with r € f.

Lemma 2. Let X be a locally compact Hausdorff space, |t a positive Radon
measure on X, (V, |||lv) a complex Banach space and 1 < p < oo.

1. For every f € LP(X, ) and every v € V we have fv € L%,(X, i), moreover
Il = 1A plvIy.
2. Letvy,...,vy belinearly independentin V and{ Loenns fN} subsetof L? (X, ).

N
IS fova =0.then fi =--- = fy =0,

n=1

Lemma 3. Let:

. X be a locally compact Hausdorff space,
. | a positive Radon measure on X,

.1 < p<oo

. flv""fN € Lp(XvH');

. 'H a complex Hilbert space,

{vl R vN} an orthonormal subset of H,

. Z the topological space of Theorem 1,
. V the measure on Z of Theorem 1,
. hy, ..., hy the continuous functions on Z of Theorem 1. Then

N
> @) fo

n=1

N
Z fnvn
n=1

p
dv(y).
p

p_ | /
- (p+2

rf &=
p ( 2 )Z
Proof. For1 <n < N letr, € f,. Then

(i)

du(x).

N
Zrn(x)vn
n=1

p
H
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For x € X we have, by Theorem 1

_ 1 /
o 1/p
H F(—p-;z) 4

N 1/p

S r (o,

n=l1

N P
Z I'n (x)hn (V) dl)()/)

n=l1

Consequently

N P
D@k ()| dv(y) | dp(x).

n=1

N
Z fnvn

n=1

P *
p

Tl

X

N
The function Z r, ® h, being © ® v-measurable and ¢ ® v-moderated, we have

n=1
P
dv(y) | dpux) = Z/ ([

N

S ) f;

n=1

*

1

N P
D (D (y) dp(x))dv(y)

n=1

N
Zhn(y)rn(x)
n=1

p
dv(y).
p

z

Definition 2. Let X be a locally compact Hausdorff space, © a positive Radon
measure on X, (V, ||||v') a complex Banach space and 1 < p < oo. We denote by &/,

the linear subspace of L}, (X, 1) generated by the set {fv’f e LP(X,p),ve V}.

Lemma 4. Let X be a locally compact Hausdorff space, | a positive Radon
measure on X, (V, |||lv) a complex Banach space, 1 < p < oo and T a linear
endomorphism of the vector space LP(X, ). Then there is a unique linear map
U of the vector space E, into L} (X, ) such that U(fv) = T(f)v for every
feL?(X,u)andeveryv e V.

Definition 3. The map U is denoted Ty .

Lemma 5. Let X be a locally compact Hausdorff space, | a positive Radon
measure on X, (H,|||lx) a complex Hilbert space, 1 < p < oo and T €
L(LP(X, ). Forevery [ € 5711 we then have || Ty f ||, < |||T|||p A,

Proof. Let [ € 571;. There is {vi,...,vy}, an orthonormal subset of H, and
N

firo.os fv € LP(X, u) such that f = Z Jfuvn. By Lemma 3 we have

n=1
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N
> (T,

n=1

1T N} =

4
dv(y).
4

1 /
p+2
r{ &=
But forevery y € Z

N
> T,

n=1

N
<7l | 3 ) i
n=1

p p

and therefore

07l 5 /
L L N
1T f 1 < —1

r — )z

A second application of Lemma 3 gives the statement.

N p
Y W | dv(y).
Jj=1 P

Definition 4. Let X be a locally compact Hausdorff space, u a positive Radon
measure on X, (H,|||[») a complex Hilbert space, | < p < oo and T €
L(LP(X, ). The unique continuous extension of Ty from &, to LY (X, p) is
also denoted T .

Theorem 6. Let X be a locally compact Hausdorff space, | a positive Radon
measure on X, H a nonzero complex Hilbert space and 1 < p < oo. Then the map
T + Ty is a linear isometry of the Banach space L(L?(X, |t)) into the Banach
space E(L%(X, nw)).

Proof. Let f € LP(X,),v € Hwith | f|l, = land|v| = 1. Then || fv|, = 1,

therefore [Tl = [T (/) = IT(SWIp = ITS VI = ITF1,. This
implies || T, = Il ,-

Remark. For X = [a,b], u the Lebesgue measure and H = R" with the usual
scalar product, one gets the following result:
N 1/2
(34)

N 1/2
(£
n=1 n=1

for T € L:(Lﬁ([a,b])) and ¢1,...,p5y € Lﬁ;([a,b]). This inequality is due to
Marcinkiewics and Zygmund ([92], Théoreme 1, p. 116). Using a result of Paley
concerning the functions of Rademacher ([99], p.250 Corollary), Marcinkiewics
and Zygmund obtained at first the following weaker inequality ([92], p. 115):

N 1/2 N 1/2
” (Z(m)z) (Z <p3)
n=1 n=1

=7,

p P

=GlTl,
P

p
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with a constant C, depending only on p and such that lim C, = oo. For complex
p—>00
functions see Zygmund [120] and [121], Vol. II (2.10) Lemma, p. 224.
We generalize a definition of Sect. 1.1.

Definition 5. Let X be a locally compact Hausdorff space, n a positive Radon
measure on X, (H, <>) a complex Hilbert space, | < p < oo f € £§’{(X, W)

and g € Ef; (X, ). We set:

(ir116) = [ 7. g)auc
X
The following proposition is straightforward.

Proposition 7. Let X be a locally compact Hausdorff space, | a positive Radon
measure on X, (H,<>) a complex Hilbert space, 1 < p < oo, f € LP(X,p),
g€ L (X, ) andv,w € H. Then (fv, gw) = (f g)(v, w).

8.2 An Integral Formula for (TAg (), @)

Definition 1. Let X be a set. For F € C**X and x € X, we denote by w(F)(x),
the map of X into C defined by y — F(x, y).

Let G be a locally compact group, F € Cyp(G x G) and x € G. We have
[a)(F)(x)] € L*(G) where

[w(F)(x)] = {g € CG‘g(y) =w(F)(x)(y) mg-almost everywhere}.

Lemma 1. Let G be a locally compact group, 1 < p < 0o and F € Cy(G x G).
Then x +— [a)(F)(x)] belongs to the space LP(G; L*(G)). If we set

) = [w(F))]
we get
p/2 1/p
Ny (f) = / [ \FGey)Pdy | dx
G G

Definition 2. Let G be a locally compact group, | < p < oo and F € Cyo(G xG).
We denote by @ (F) the element of L”(G: L*(G)) f + N2, where
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L2%(G)

£ = 0P|

forx € G.

Definition 3. Let G be a groupand F € C°*¢. We put t(F)(x,y) = F(x,x"'y)
forevery x,y € G.

Lemma 2. Let G be a locally compact group and 1 < p < oo. Then:
1. @ is a linear injective map of Coo(G x G) into L? (G; LZ(G)),
2. Forevery F € Cy(G x G) we have
/2 1/p
[Pl = ol = | [ | [1Fenkar | ax]
G \G
3. Foreveryr,s € Cy(G) we also have ||w(r ®s) ||p = N,(r)N(s).

Lemma 3. Let G be a locally compact group, 1 < p < oo, T € CV,(G), o €
ME(G), g € T[AY" a] and F, F' € Coo(G x G). Then:

<(“5@)m> w(F),w(F /)> = / [ (/ (rpgxy)AG(y)'/PF(xy,z)dy) F/(x, Ddxdz.
G

GXG

Proof. At first we prove the assertion for
F=Yr®& ad F' =) s;®m,
i=1 j=1

withry, .. rm, E1 oy ST o Sus N1 - e € Coo(G). Tt suffices to prove this
relation for F = r @ £ and F' = s @ n with r, &, 5,7 € Coo(G).

‘We have

(ri2@),..,, oo = [sen@i: ( / (r,,g)(y)r(xymc(y)””dy) S(dx
G G

G

= f/(/(fpg)(y)Ac(y)‘/”F(xy,z)dy) F'(x,z)dxdz.
G

GXG

To prove the lemma for F' € Cypo(G x G) and

m
F/=ZS1®77/'

Jj=1
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with s1,...,8:,01,...,0x € Coo(G), it suffices to verify it for F/ = s ® n with
s,n € Coo(G).
Let & > 0. There is:

1. K, L compact subsets of G,
2.1 rmi € B € Coo(G), with supp FF C K x L, suppr; C K, suppé; C
Lforl <j <mand

H F — Z rj (Y Sj <4
j=1 *®
where
& .
0<8< TTATE with A = ||T]|, Ni(@)m(L)">m(K)"/? N, (s)N(n)
and
1/p
B =N,(9) / Ac()?7dy | m(supps)2m(supp )2 Na(s) Na(n).
(supps)~' K
Put "
F'=3 rj®F
j=1
and
— P % /
C = |<(TAG(01 ))Lz@ @ (F), w(F )>
- / / / ()N A7 F(xy, dy | Fix.ddxdz).
GxXG G
Then

C =<

<(mg(a—*))u(6) @ (F), w(F’)> - <(T)Lf;(a_*)) ey TE. w(F')>

+ <<T)L’(’;(a_*))L2(G) @ (F"), w(F’)>

- f [ ( f (rpg)(y)AG(y)“ﬂF(xy,z)dy) Fi(x. dxdz

GXG G
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— P . a2/ /
= ’<(T)LG(O[*))L2(G) w(F —F"), w(F )>‘

4 / / / () () A6 (N7 (F"(xy.2) — F(xy.2)dy | Fi(x. dxdz

GXG \G

< [[(TA& @) 126y |||p @ (F = F"), lw(F),

I/p| g/ _ /
+f [ G/ A6 7| " (xy.2) — Fxy.2)|dy | |F/(x.0)]dxdz.

GxG

But, according to Theorem 6 of Sect. 8.1, we have

[ ) -,

and by Lemma 2

p/2 p
lo (F — )|, = / ( / |F(x,y>—F”(x.y)|2dy) dx | <sm@)Pm)P

G \G

and ||@w (F’)||, = N, (s)N2(n). Therefore

|||(T/\Z(Ol_*))L2(G) |||p @ (F — FH)”p ||W(F/)||p’
<7, Ni(er) §m(L)"*m(K)"/? N (s)N2(n) = 8A.

Together with

// (/|Tpg)()’)|AG()’)l/p|FN(XJ’71)F(vaZ)|dJ’) |F'(x,2)|dxdz
G

GXG
1/p
<8Np(g) [ Ag()?Pdy|  m(supps)/2m(supp )2 Na(s)Na () = 6B,
(supps)~1K

we obtain C < g, and thus C = 0.
For the general case let:

1. F,F’' € Cyp(G x G),

2. K, L compact subsets of G with supp F C K x L,
3.6>0,

4. Ky, Ly compact subsets of G such that supp F’ C K| x Ly,
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5.8, Sust,....n € Coo(G) with supps; C Ky, suppn; C Ly for
1<j<nand

n
HF”—ZAV@T}] <6
j=1 o0
where e
0<f< —m—
SCST1¥A+B
with
p/2 1/P
A= ITY, Ni(ym(Ly)m(K)) 7 ( / ( / |F<x,y)|2dy) dx)
G G
and Uy
V4
B = | FllooN,(g) / Ae)?lrdy | m(Kym(Ly).
K7k
Put )
F// = Zsj [ 77j
j=1
and

C = ‘<(TAZ(OT*))L2(G) w(F),zzr(F')>

- / / ( f <rpg><y>AG(y>1/pF(xy,z)dy) Fir.2)dxdz

GxG G

Then we have

C < |TAL@O||, I (F)l, | (F = F")|

+//(G/|Tpg)(y)|AG(y)1/”|F(xy,Z)Idy) |F"(x.2) = F'(x,2)|dxdz.

GxXG
But, similarly as before, we have

T35 @®]|] Il (), (F = F)]l,

1/p

p/2
< ITH, Ny (@) § m(Ly)2m(K,) /(/ |F<x,y>|2dy) ax|
G

G
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and

//(/|fpg)(y)|AG(y)1/”|F(xy,Z)Idy) |F"(x,2) — F'(x.2)|dxdz
GxXG G

1/p
< 81 FllooN,(2) [ M) 7dy | m(Km(Ly),
'K
this also implies C < ¢, which again implies C = 0.

Theorem 4. Let G be a locally compact group, 1 < p < 0o, T € CV,(G), a €
ME(G), g € T[AY a] and k.1, ¢, € Coo(G). Then

(126 @), ., w Do) = (& D (i@ el 5]

with F = (1,k) @ g and F' = (tp]) @ .
Proof. By Lemma 1 of Sect. 5.2

<(E *1)(TAL@) 5p0), [fhW]> = [ 01860 Ex DONRE Gl 1 epel)dr.
G

From
(A8 @)y . [5p0]) = (R 6DIRY) [0]) = @ * 1))

we get

<(E *)(T25@)[5,0], [W]} = [0 6k )35 0 0l (1)
G

But by Lemma 3

<(”5(07>)L2(G) @ (e(F)), w(r(F’)>>

/ (/ F(xy, y_lx_lz)F’(x,x_lz)dz) dx) dy

G G

- / () (1) A ()7 (
G

— [ OO E kL. e )3 6 ez [0y,
G
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8.3 CV,(G) and CV,(G) in Amenable Groups
Theorem 1. Let G be a locally compact group, 1 < p < oo, u € A,(G), T €

CV,(G) and ¢ € L (G) N L*(G). Then:

1. 7,uT (z,9)) € L*(G),
2. Ity T (rp) 2 < llulla, 1T, ll@]l2-

Proof. 1. For T € CV,(G), a € MZF(G), g € T[Agp/ot] and k, 1, o, ¢ €
Coo(G) we have

(@D (T8 @ )yl )| < ITAL@, Ny GO, 0Nt

By Theorem 4 of Sect. 8.2
(< D(72@) 501 r01) = ((136@) , , #eED ()

with F = (1,k) ® ¢ and F' = (1,7/) ® ¥, and by Lemma 2 of Sect. 8.2

= H’Tkg(?)’”p Np(K)N p (1) N2 (@) Na ().

(< D(T35,@) 501 [r01)

2. Next we prove that for T € CV,(G) and k, [, ¢, ¥ € Coo(G)

‘((E # DDleyel. [y 1) < ITI, NpONy (DN Na(V).

Lete > 0. By Lemma 1 of Sect. 5.3 there is o« € Cyo(G) with @ > 0, / a(y)dy =1

G
and

<é&

‘<<Z DTG @ eyl oy 1) ~ (DT ey, 5 )

and therefore

'((E # DT (0ol [ep V)| < &+ T 1, NpGONy (DN2(0)N2).
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3. To finish the proof, it suffices to verify that for T € CV,(G), u € A,(G) and
@, ¥ € Cyp(G) we have

‘(mT)[wL (e W1)| = UTN, s, Na) Na().

Let ¢ > 0. There exist sequences (k,) and () of Cyo(G) with
i —_— v
u= an * [,
n=1

and

o0
Y Npk) Ny () < llulla, +

n=1

&
L+ (T, N2(@) Na ()

We obtain

(@Dlzpe. [rpw/f])] < 3 Ny )Ny ) ITH, Na@)Na(@) < e+ ITI lulla, Na(@) Na ().

n=1

We are now able to extend Corollary 5 of Sect. 1.5 to the class of amenable groups.

Theorem 2. Let G be a locally compact amenable group, 1 < p < oo, T €
CV,(G) and ¢ € L?(G) N L*(G). Then:

1. 1,Tt,¢0 € L*(G),

2.l Trpel <IN, el

Proof. Let v € Cyo(G) with Np(y) < 1. Let ¢ > 0. By Theorem 2 of Sect.5.4
there is k, [ € Coo(G) with N,(k) = N,(/) = 1 and

< é.

‘<<E * Z)T)[Tp‘/’]» [Tp"/f]> - <T[Tp(/’]’ [TP’W]>

With the Theorem 1 we obtain

(r,,Ttp(p, [W])‘ <e+ ‘[p((E* lv)T)rp(p ‘2 <e+ ||E [

A, 1T, lellz < e+ T, el

Definition 1. Let G be alocally compact group and 1 < p < oo. We denote by £,
the set of all T € CV,(G) such that:

i. 7,Tt,9 € L*(G) forevery ¢ € L?(G) N L*(G),
ii. Thereis C > 0 such that [|[t,Tt,¢|l» < C||¢||> forevery ¢ € L?(G) N L*(G).

Corollary 3. Let G be a locally compact group and 1 < p < oo. Then:

1. Elg, is a subalgebra of CV,(G),
2. Ae(MY(G)) C E,
3. A,(G)CV,(G) C E,.
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Lemma 4. Let G be a locally compact group, 1 < p < oo and T € E,. Then
there is an unique operator S € L(L*(G)) with S¢ = 1,Tt,¢ for every ¢ €
L?(G) N L*(G). We have 1.8 1, € CV5(G).

Definition 2. Let G be a locally compact group, 1 < p < oo, T € E, and S as in
Lemma 4. We puta,(T) = nSn.

Theorem 5. Let G be a locally compact group and 1 < p < oo. Then:

1. ap is an injective homomorphism of the algebra E, into C V»(G),
2. a,(Ag(w) = Ag(w) for p e M'(G).

In the following two theorems we extend Theorem 4 and Corollary 6 of Sect. 1.5 to
the whole class of locally compact amenable groups.

Theorem 6. Let G be an amenable locally compact group and 1 < p < oo.
Then:

1. «, is an injective homomorphism of the Banach algebra CV,(G) into C V»(G),
2. |||ozp(T)H|2 =T, for every T € CV,(G).

Theorem 7. Let G be an amenable locally compact group and 1 < p < oo. For
every bounded Radon measure |1 on G we have |||/\é (,LL)|”2 < H|)LZ(/L)|||p

Theorem 8. Let G be a locally compact group, 1 < p < oo, u € Ay(G) and
ve A,(G). Then:

L.uv € Ay(G) and |uvlla, < lulla,lvlla,, ie. Ap(G) is a Banach module on
42(G)

2. (uv, T>A,,,PMp = <u,oep(vT)>A2'PM2f0r every T € PM,(G).

Proof. Let ((kn), (1,,)) € A (G) with
u= ZE * l:,.
n=1

Forevery F € A,(G)’ we put

o0

w(F) = Z<O‘p(v (‘I’g)_l(F)) [Tan]’ [72111]>

n=1

where W/, is defined in Sect. 4.1 (Definition 3).

Let F be anelement of A,(G)" and (F;);e; anetof A,(G)’ suchthatlim F; = F
for the topology o (A’,, A,) and with || F; ||A’p < C foreveryi € I for some C > 0.
We claim that limw(F;) = w(F). By Theorem 6 of Sect. 4.1 we have

lim (¥5) ™ (F) = (¥§) ™ (F)
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for the ultraweak topology and moreover ‘H (\Ilg)f1 (F)

’ < C foreveryi € I.
P

This implies that
timv((92) ™ (F)) = v((¥8) ™' (F))

for the ultraweak topology and that

(v2) " (F)

(e )] = v,

<Clvlla,-
, =Clvs,

Forr,s € Mg’ (G) we have
lim <v ((\I’g)_](Fi)) [t,r], [TP/S]> = <v((\llg)_l(F))[rpr], [‘EP/S]>.
From [r] € L?(G) N LX(G), v((wg)‘l(F,»)),v((wg)‘l(F)) € E, we obtain

lim <a,, (v((\llg)_l(Fi)>)[r2r], [T2S]> — <ap (v((\llg)_l(F)))[rzr], [rzs]>

with for every i € [

o (v((w0) (1))

Consequently

<[l @), < crvta,

lima, (v((xpg)‘ (P}))) =, (v((‘lfg)l (F)))

for the ultraweak topology and consequently limw(F;) = w(F). According to
Theorem 6 of Sect.4.2 there is w € A,(G) with o(F) = F(w) for every F €
A,(G), forevery T € PM,(G) we thus have (w, T>A,,,PMp = (u, aP(VT))Az,PMz'

In particular (taking into account Proposition 5 of Sect. 5.3) for every u € M '(G)

3 G0, = (0 (250)) = {2 0)

A3, PM, Ax,PM>

and therefore w = wuv. This implies indeed uv € A,(G). Moreover we have for
every T € PM,(G)

\(uv, T) u,ot,,(vT))

ooy =l wooe| = Nl BT < Nl vl U7

whence [luv]l4, < llull4,[v]4,-
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Theorem 9. Let G be an amenable locally compact group and 1 < p < oo.
Then:

1. A2(G) C A,(G),
2. Foreveryu € Ax(G) one has |[u 4, < |lul| 4,

Proof. Letu € A5(G) and ((kn), (1,,)) € A>(G) with

o0
u= E ky x1,.
n=1

Forevery F € A,(G)’ we put

[o.¢]

w(F) = Z(ap((%)‘l(f‘))[rzkn], [rzzn]>.

n=1

Thereis v € A,(G) withv € 4,(G) with o(F) = F(v) for every F € A,(G)’, as
in the proof of Theorem 8 u = v and [|ull4, < |[u| 4,

Remarks. 1. Theorem 9 generalizes Theorem 7 of Sect. 4.2.

2. Theorem 7 is not trivial even for a finite group!

3. For G amenable, the map «,, is the adjoint of the inclusion of 4,(G) into A,(G).

4. Theorems 6, 7 and 9 are due to Herz ([59], Theorems B and C, p.72). Nota
bene, the second sentence of Theorem C should be read: “Dually there is a
morphism CV,(G) — CV,(G), i.e. convolution operators on L,(G;C) are
convolution operators on L,(G;C) with contraction of norms”. The complete
proof of Theorem C is given by Herz and Riviere in [65] (Corollary p.512).

5. For G compact and p > 2, Theorems 6 and 7 were obtained earlier (1966) by
Figa-Talamanca and Rider ([47], p.511 line 2 from below) with the inequalities
lleep (D[, < Co IT NI, for T € CV,(G) and ||ull4, < Cpllul| 4, for u € A>(G),
with an explicit constant C, depending only of p (and not of the group G).
Figa-Talamanca and Rider’s contribution is not mentioned in [59] and [65].

6. The author is grateful to professor Gerhard Racher for the communication of
unpublished notes and explanations in relation with Sects. 8.1 and 8.2.



Notes

In these notes we give additional comments and supplementary bibliographical
references.

Chapter 1

For the older literature and in particular for CV,(T) we refer to Chap.16 of
Edwards book on Fourier series [39]. For R” an important paper on the subject
is due to Hormander [68]. It contains in particular various generalizations to R” of
Marcel Riesz’s Theorem.

For p=1 and G, an arbitrary locally compact group, the space of operators
which corresponds to CV,(G) is precisely M '(G). This a famous result due to
Wendel [117].

For p =o00 the question is more subtle. Our Theorem5 of Sect. 1.2, is no
more true. Indeed, according to Stafney [113] there is on L°°(T) an non-zero
linear continuous invariant functional M which is zero on all continuous functions,
consequently the operator ¢ — M(¢)¢ does not commute with the action of L'.
The author is indebted to the referee for communication of this fact which was
unknown to him. For other informations on the case p = oo see [73], p. 74-78.

To justify the Remark 2 of Theorem 8 in Sect. 1.2 we used the following fact:
for amenable groups the convolution norm in L? of a positive measure is exactly its
total mass. One should mention that this result fails for non amenable groups: if for
some 1 < p < oo the convolution norm in L? of every positive f € L'(G) coincides

with / f(x)dx then G is amenable ([105], Theorem 8.3.19, p.241). For specific

non amenable groups more precise results have been obtained. In [85] Lohoué
constructed, for any 1 < pg < 00, a positive measure on SL,(R) which convolves
L 70 but does not convolve any other L”! Similar results were also obtained latter by
Nebbia for the group of isometries of a homogenous tree [97]. According to Leinert
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[75] every [? function on [, supported by a (possibly infinite) free set defines a
bounded convolution operator on /2.

The fact that, for G = SL,(R) (see Remark 4 of Theorem 8 in Sect. 1.2) every
function in L”(G) convolves L?(G) for 1 < p <2, requires, besides the Plancherel
formula of Harish-Chandra, the study of a new class of infinite dimensional
representations obtained by “analytic continuation” of the principal series and
“some vigorous” classical Fourier analysis. These representations acts on a fixed
Hilbert space, they are indexed by a complex parameter and depend analytically
on the parameter, included among them are the complementary series [72]. A
locally compact unimodular group G is said to have the “Kunze-Stein property”
if L>(G) * L?(G) C L*(G) for every 1 < p < 2 [77]. Clearly compact groups
have this property but noncompact amenable groups don’t. In 1970 Lipsman [78]
proved the following result: let G be a noncompact locally compact connected
unimodular group. Then G has the Kunze-Stein property if and only if G has a
compact normal subgroup H such that (1) G/H is a connected semisimple Lie
group with finite center and (2) G/H has the Kunze-Stein property. Finally Cowling
proved that connected semisimple Lie groups with finite center have the Kunze-
Stein property [17].

Oberlin [98], with the aid of a computer, proved that for a certain function f,
defined on the dihedral group D, of height elements,

I35, Ol # 23500

43

As mentioned in Sect. 1.4 (Remark after the Corollary 7), Herz proved a similar
statement for every finite nonabelian group [63]. By the Corollary 3 of Chap.7,
Sect. 7.3 it follows that, for a locally compact group G having a finite non-abelian
subgroup, and for every p # 2 there is a bounded measure 1 with |||)Lé(,u)“|p £

[ e
a positive measure which convolves L? but not L” . In [63] and [64] Herz proved

the following theorem: for each non-abelian nilpotent Lie group G and each p with
2 < p < oo there exists a sequence (k,) of L'(G) such that |||)Lg(kn)|||p < 1 while

[

P
instance that the k, have their support in a given neighborhood of ¢) and various
improvements on these questions.

. A consequence of [85], is that for SL,(R) for every p # 2 there is
p/

, — 0. See Dooley et al. [37] for refinements (one could require for

Chapter 3

The sesquilinear map (f,g) +— f % & of L?(G) x L?(G) into Co(G) fac-
torizes through a linear contraction P of L?(G)RL” (G) into Cy(G) where
L?(G)RL” (G) is the projective tensorproduct of L7(G) with L”'(G). Then
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clearly A,(G) coincides with the quotient Banach space L?(G)®L? (G)/KerP.
This was used by Herz for his proof of Corollary 5 in Sect. 3.3.

It is possible to repeat the Sects. 3.1 and 4.1 replacing the regular representation
in L? by an arbitrary continuous unitary representation 7 of G. One gets a Banach
space, denoted A, of nice uniformly continuous bounded functions on the group G.
See Arsac [4]. He proved, among other things, that A, is a Banach algebra if and
only if the representation 7 ® 7 is quasi equivalent to . In relation with the Kunze-
Stein property, Herz considered such an A, choosing for 7 the representation
induced by the identity representation from a certain closed subgroup H of a
connected semi-simple Lie group of finite centre [58]. The group H is AN,
where G = KAN is the Iwasawa decomposition of G. He proved (“principe de
majoration”) that for u € A,(G) and ¢ > O thereis v € A, with ||v]|4, < |lull4, + ¢
and u(x) < v(x) for every x € G. This was used in [17].

Let B(G) be the vector space of the coefficients of all continuous unitary
representations of G. Generalizing the fact that A,(G) is an algebra, P. Eymard
([41]) proved that each u of B(G) “multiplies” A2(G) i.e. uA»(G) C A2(G). If
G is abelian the converse is true: if u multiplies A,(G) then u € B(G) (see [107],
p.73). This holds also for amenable G [27]. Losert proved that if G is non amenable
then there are multipliers of A,(G) which are not in B(G) [86].

For a better understanding of the multipliers of A>(G) (and also of 4,(G)) we
need to consider an important class of convolution operators. We denote by PF,(G)
the norm closure in CV,(G) of {/\f;(f) | f e EI(G)}. If G is abelian PF,(G)
is isomorphic to Co(a). See [70], p.45 for T. The Banach algebra PF,(T) is
isomorphic to ¢y(Z) (and C V5(T) to [°°(Z)). Kahane call the elements of C V,(T)
“pseudomeasures” and the elements of PF,(T) “pseudofunctions”. For p # 2 the
algebra PF,(R") has been considered by Hormander in [68], p. 111. Answering a
question raised by Hormander, Figa-Talamanca and Gaudry proved that for every
p # 2thereisa T € CV,(R") with T e Co(R") such that T & PF,(R") ([46]).
They obtained a similar statement for T".

For a general locally compact group PF,(G) is called the reduced C *- algebra
of G. According to Eymard [41] PF,(G) coincides with the full C*- algebra of G
if and only if G is amenable. Recall (see again [41]) that the dual of the full C*-
algebra of G is precisely B(G). Observe that if G has the Kunze-Stein property
then clearly L”(G) C PF,(G) forevery 1 < p < 2 and A,(G) C L4(G) for
every ¢ > 2. If G is abelian then, according to Lohoué, the space of all multipliers
of A,(G) is the dual of the Banach space PF,(G) for p > 1 ([79], Théoréme 1).
In [62] Herz proved the following: (1) for an arbitrary locally compact group G
and for p > 1 every function in the dual of PF,(G) multiplies 4,(G); (2) if
G is amenable the dual of PF,(G) coincides with the space of all multipliers of
Ap(G). To obtain these results, C. Herz introduces two interesting commutative
unital Banach algebras denoted respectively V,(G x G) and B,(G). We have
V(G xG) C C’(G x G) and B,(G) C C?(G) and in both algebras the product
is simply the pointwise product. For every k € Cy(G x G) we denote by T
the operator of L”(G) having the kernel k. Then by definition V,(G x G) =
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{ulu € C’(G x G), there is C > 0 such that ||Tx]l, < C[|Tx|l, for every
k € Co(G) ® Coo(G)}. For u € V,(G x G) the norm of u is the infimum of
all C. The definition of B,(G) is: B,(G) = {u|u € C(G) and the function
on G x G (x,y) — u(yx~') belongs to V,(G x G)}, the norm of u being
the norm in V,(G x G) of the function (x,y) — u(yx~"). Then Herz proved
the following statements: (1) B,(G)A,(G) C A,(G); (2) the dual of PF,(G)
is contained in B,(G); (3) if G is amenable then B,(G) coincides with the set
all multipliers of A,(G) (and thus with the dual of PF,(G)). The letter V of
V,(G x G) refers to Varopoulos (see [56]). The algebra B,(G) has been used by
Herz to study the asymmetry of the norms of convolution operators [64]. For G
abelian Lohoué was able to relate B,(G) with B,(G4): he proved in particular that
B,(G) = B,(G4) N C(G) and more subtle results (see Théoréme 3, p. 28 in [81]
and Théoreme 0.2.2, p. 78 in [80]). For a generalization of these results of Lohoué
to all locally compact groups, see [62] and [33] (Theorem 7, p. 936). For more on
B,(G) see [11,12,51].

Eymard proved in [41] that the dual of P F>(G) is the vector space of the coeffi-
cients of the unitary representations weakly contained in the regular representation
of G. Cowling and Fendler ([19], Theorem 2) obtained a similar description of
the dual of PF,(G) for every p > 1. They replace the unitary representations by
isometric representations in certain reflexive Banach spaces of a very precise type
and use the theory of ultraproducts of Banach spaces.

Chapter 4

Like L', A5(G) is weakly sequentially complete. This follows from the fact that
A>(G) is the predual of the von Neumann algebra CV,(G) ([114], Chap.IIl,
Corollary 5.2, p. 148). If p # 2 the question is not completely answered. If G
is compact metrizable, then A4,(G) is weakly sequentially complete (Lust-Piquard
[88]). Lust-Piquard’s proof uses the characterization (see the notes to Chap. 3) of
A,(G) as a quotient of L?(G)QL” (G). For R the problem seems to be open.

Hormander proved that holomorphic functions operate on {/7\” |T € PF,(R")}
([68], Theorem 1.18, p. 112). In [118] Zafran, for G = R” or G = T", shows the
existenceof T € C'V,(G) with T e Co(a) and such that the spectrum of 7" properly
contains ?(6) U {0}. The existence of a bounded measure having this property is
the classical theorem of Wiener-Pitt ([107], Theorem 5.3.4.) See also [119].

Chapter 5

For a large class of nonamenable groups G, including SO(1,n), SU(1,n) and
Sp(1,n), the algebra A,(G) admits approximate units bounded in the norm B,(G)
[20], [21].
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Cowling proved in [16] that CV,(G) = PM,(G) for every p > 1 for
G = SL;,(R). He obtained also this result for the above mentioned groups, proving
following general result: PM,(G) = CV,(G) if A>(G) has an approximate unit
bounded in the norm of B,(G) ([18], p.413).

Chapter 7

Let H be a closed subgroup of a locally compact abelian group G and T € CV,(G)
with T € C(G), then there is S € CV,(G/H) with Resy.T = So@. One has
1SN, < W7, [74], [108]. Figa-Talamanca and Gaudry, supposing H L discrete,
obtained the following extension theorem: for every S € CV,(G/H) thereis T €
CV,(G) with T € C(G), ITll, < K|IS|l, and Res, . T = Sod [45). For G =
R" and Z" = R” see Jodeit [69]. Cowling [15] has been able to suppress the extra
condition on the discreteness of H-L: forevery S € CV,(G/H) with SecC (ﬂ)
thereis T € CV,(G) with T € C(G), |ITll, < IS|l, and Resy 1 T = Sod.

Instead of {?|T e CV,(G), T e C(@)} one could consider the norm closure
of the set of all convolution operators having compact support. For this class
of convolution operators the preceding restriction and extension results can be
generalized to noncommutative groups [2, 29, 60].

Let G be an arbitrary locally compact group, H a closed normal subgroup and F
a closed subset of G/H . In analogy with a famous result of Reiter ([105], Theorem
7.3.1, p.203), Lohoué proved, that F' is locally of p-synthesis in G/H if and only
if o~!(F) is locally of p-synthesis in G [82]. A closed subset F of G is said to
be locally p-Ditkin in G if for every u € A,(G) N Coo(G) vanishing on F and for
every ¢ > Othereisv € 4,(G) N Coo(G) withsuppvN F = Jand [lu—uv|a, < e.
The closed set F is said to be p-Ditkin in G if for every u € A,(G) vanishing
on F and for every ¢ > O there is v € A,(G) N Coo(G) with suppv N F = @ and
lu—uv|| 4, < e.1f every elementu of A,(G) belongs to the closure of uA , (G) these
notions coincide. The preceding theorem of Lohoué is valid also for Ditkin sets.
Indeed we proved in [30] that every closed normal subgroup is locally p-Ditkin
in G. This result was later extended to neutral subgroups [24] and to amenable
subgroups [32]. Finally Ludwig and Turowska proved that every closed subgroup
of a second countable locally compact group is locally 2 -Ditkin [87].
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List of Definitions

We list here only the definitions which are systematically used throughout the book.
The numbers in parentheses refer to the paragraphs where the definitions are given

Amenable groups (1.1.4)

Bruhat function (7.1)

Convolution operator (1.2)

Convolution operator associated to a bounded measure (1.2)
Duality between A ,(G) and PM ,(G) (4.1)
Figa-Talamanca Herz algebra (3.1), (3.3)

CV,(G) asamodule on 4,(G) (5.2)

Pseudomeasure (4.1)

Spectrum (6.1)

Support of a convolution operator (6.1)

Ultraweak topology (4.1)
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